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Introduction

One of the deepest problems of modern physics is to formulate a consistent
quantum theory of gravity, by reconciling our well-established theories on
fundamental processes at very small scales, as described by quantum field
theory, with those at very large scales, as described by general relativity.
The main difficulty is that quantizing gravity really means quantizing space
and time themselves. In view of the lacking of direct experimental results,
one of the main windows for understanding any quantum theory of gravity
is black hole physics.

A general strategy is to explore simpler models that share the underlying

conceptual features of quantum gravity while avoiding the technical difficul-
ties. In particular, gravity in 2+1 dimensions (two spatial dimensions plus
time) has the same basic structure as the full (3+1)-dimensional theory, but
it is technically much simpler, and the implications of quantum gravity can
be examined in detail.
In 2+1 dimensions general relativity has neither gravitational waves nor prop-
agating gravitons. However 2+1 gravity is not trivial, since it admits black
hole solutions with a negative cosmological constant, which are called BTZ
black holes.

In 1972 Bekenstein proposed that black holes have entropy proportional
to the horizon area. After Hawking’s discovery that black holes emit a ther-
mal radiation, known as Hawking radiation, it was definitively accepted that
black holes are thermal objects with characteristic temperature, entropy and

radiation spectrum. But we do not really know what microscopic quantum



states are responsible for the “statistical mechanics” that leads to these ther-
modynamic properties.

The statistical mechanical explanation of black hole thermodynamics is a key
test for any attempt to formulate a theory of quantum gravity: a model that
cannot reproduce the Bekenstein-Hawking formula for black hole entropy in
terms of microscopic quantum gravitational states is unlikely to be correct.
The “area law” obeyed by black hole entropy is extended to all matter by
the holographic bound, which states that the maximum entropy of a system
scales with the area of the boundary and not with the volume of the system,
as one would have expected.

The problem of quantum gravity and the entropy-area law of black holes
have suggested new paradigms about the foundations of physics. Among
these new views of the physical world an important role is played by the
“holographic principle”, which predicts the duality between a theory with
gravity in the bulk (or string theory) and a conformal field theory without
gravity on the boundary (or a gauge theory).

A hologram is a two-dimensional object, but under the correct lighting con-
ditions it produces a fully three-dimensional image. All the information in
the 3D image is encoded in the 2D hologram.

A concrete realization of the holographic principle is the the “AdS/CFT cor-
respondence”, which is the duality between a theory with gravity defined in
an anti-de Sitter (AdS) spacetime - i.e. a spacetime with negative cosmolog-
ical constant - and a conformal field theory (CFT) without gravity living on
the boundary.

The duality between a three-dimensional anti-de Sitter (AdS;) spacetime
and a two-dimensional conformal field theory (CFT3) defined on the bound-
ary is exploited throughtout this thesis, firstly to calculate the microscopic
entropy of the charged BTZ black hole.

Black hole entropy can also be interpreted in terms of quantum entan-

glement, since the event horizon divides spacetime into two separate subsys-



tems. In particular, we consider a simple quantum system with spherical
symmetry, composed of two separated regions. By introducing a suitable
wave function, we find that the maximum entanglement entropy scales with
the area of the boundary, in accordance with the bound on entropy predicted
by the holographic principle.

By means of the AdS3;/CFT, correspondence we also derive the entan-
glement entropy of the BTZ black hole, obtaining that its leading term in
the large temperature expansion reproduces exactly the Bekenstein-Hawking
formula for black hole entropy.

The AdS/CFT dualiy is the main computational tool used in this thesis.
Although it is generally investigated in the framework of string theory, we
formulate, instead, a description of the AdS3/CFEFTy correspondence which
simply uses geometric arguments.

Let us outline now the structure of the thesis. In Chapter 1 we overview
black hole thermodynamics and, in particular, the problems related to the
computation of black hole entropy. In Chapter 2 we introduce the holographic
principle and the AdS/CFT correspondence. In Chapter 3 we summarize the
main results on 241 gravity and the BTZ black holes. In Chapter 4 we study
the microscopic entropy of charged black holes in three dimensions, whereas
in Chapter 5 we discuss the concept of entanglement entropy, focusing in
particular on the case of a simple quantum system. In Chapter 6 we study,
through a holographic approach, the entanglement entropy of BTZ black
holes, while in Chapter 7 we compute their thermal entropy in the limit
of large temperature. In Chapter 8 we outline a geometric description of
the AdS3/CFT, correspondence, independently of the underlying dynamical
theory. Finally, in the Conclusions, we summarize the main results obtained

throughout the thesis.






Part 1

General framework






Chapter 1

Black hole entropy

Since the discovery by Bekenstein and Hawking that black holes are thermal
objects, with characteristic temperature and entropy, black hole thermody-
namics has become a well established subject, but the underlying statistical
mechanical explanation remains profoundly mysterious.

The original analysis of Bekenstein and Hawking relied only on semiclas-
sical results that had no direct connection with microscopic degrees of free-
dom. Even at present we can only state that probably black hole microstates
have a quantum gravitational origin, but we are still far from formulating a

complete theory of quantum gravity.

1.1 Quantum Gravity

It is extremely difficult to reconcil general relativity with quantum mechanics.
In quantum theories objects do not have definite positions and velocities: at
the most fundamental level even “empty” space is in fact filled with virtual
particles that perpetually are created and destroyed.

In contrast, general relativity is a classical theory, in which objects have
definite locations and velocities, empty spacetime is perfectly smooth even
at very small scales and singularities only appear in the presence of matter.

In most situations, the tension between the weirdness of quantum me-

chanics and the smoothness of general relativity does not cause any prob-
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lems, because either the quantum effects or the gravitational ones can be
neglected.

A quantum theory of gravity does not become important until we consider
distances smaller than the Planck length

hG
lp = (—3) ~1.62x 107 cm,

C

where G is the Newton constant and A is the reduced Planck constant.

When the curvature of spacetime is very large, the quantum aspects of
gravity become significant. Quantum gravity is needed to describe the begin-
ning of the big bang and it is also important for understanding what happens
at the center of black holes, where matter is crushed into a region of extremely
high curvature. Since gravity involves spacetime curvature, a quantum grav-
ity theory will probably provide us with an entirely new perspective on what
spacetime is at the deepest level of reality.

At present, string theory represents the most promising effort to construct
a fully quantum theory that includes general relativity. In string theory we
imagine that the fundamental objects are not point particles like electrons or
photons, but rather small one-dimensional objects called strings, which can
be either closed loops or open segments.
There exists a massless string state with spin two, which interacts like the
graviton. String theory, therefore, seems to be consistent with a quantum
theory of gravity. However, there are still a great deal of difficulties that we
do not understand, in particular the way in which a classical spacetime arises

out of fundamental strings [1].

1.2 Black hole thermodynamics

The principles of thermodynamics have remained essentially unchanged since
their formulation in the early nineteenth century. The reason for this unique

stability is that the thermodynamic laws are statistical regularities among



coarse-grained, essentially macroscopic, quantities. Thermodynamic predic-
tions are highly reliable because they are not based on a specific microscopic
description of matter.

In 1970 Christodoulou showed that in various processes the total area of
the event horizon never decreases. In 1971 Hawking proved, in general, the
so-called “area theorem” [2], which states that the area of a black hole event

horizon never decreases with time:
0A>0. (1.1)

The analogy with the tendency of entropy to increase led Bekenstein to pro-
pose in 1972 that a black hole has entropy Sy, proportional to the area of its

horizon [3, 4]:
A

Sbh :776—2, (12)
P

where 7 is a number of order unity and ¢% is the Planck area.

Bekenstein also proposed that the second law of thermodynamics holds
for the sum S;,; = Sy, + S, of the black hole entropy Sy, plus the ordinary
matter entropy S, outside the black hole [5]:

6Stotal = 6(Sm -+ Sbh) 2 0. (13)

This is referred to as the generalized second law (GSL).
In 1973 Bardeen, Carter and Hawking formulated the “four laws of black

hole mechanics” [6]:

0. The surface gravity x is constant over the event horizon (let us recall
that, for a Schwarzschild black hole of mass M in four dimensions, the

surface gravity is k = he3 /AGM).

1. For any stationary black hole with mass M, angular momentum .J and

charge @), it turns out to be

K
oM = —_5A+ Q6] + ®5 1.4
- A+ + ©6Q (1.4)
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where €) is the angular velocity of the black hole and ® represents the

electrostatic potential at the horizon.
2. The area A of the event horizon of a black hole never decreases: §.4 > 0.

3. It is impossible to reduce, by any procedure, the surface gravity  to

zero in a finite number of steps.

These laws closely parallel the ordinary laws of thermodynamics [7]. The
correspondence between thermodynamic laws and black hole mechanics is
complete if we identify energy, entropy and temperature of thee black hole

with its mass, area and surface gravity, respectively:

E—-M, S—A, T—xk.

1.2.1 Bekenstein-Hawking formula

In 1974 Hawking demonstrated that a black hole spontaneously emits, by a
quantum process, a thermal radiation that is now known as Hawking radia-
tion. In particular, by a semi-classical calculation Hawking showed that an
exterior observer at infinity detects a thermal spectrum of particles, coming
from the back hole, at temperature [8, 9]

K
or

T (1.5)

In particular, the Hawking temperature for a four-dimensional Schwarzschild
black hole is T' = h¢? /(87GM).

The discovery of Hawking radiation showed that the thermodynamic de-
scription of black holes corresponds to real physical properties.

Via the first law of thermodynamics (1.4), Hawking also fixed the coeffi-
cient 7 in the Bekenstein entropy formula (1.2) to be 1/4.

The entropy of a black hole is given by the celebrated Bekenstein-Hawking

formula [10, 11]:
A

S:@

(1.6)
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where A is the area of the event horizon and ¢p = \/W/c3 is the Planck
length.

As a count of microscopic degrees of freedom, the Bekenstein-Hawking en-
tropy has a peculiar feature: the number of degrees of freedom is determined
by the area of the boundary rather than by the volume it encloses. This
is very different from conventional thermodynamics, in which entropy is an
extensive quantity.

This “holographic” behavior seems fundamental to black hole statistical me-
chanics, and it has been conjectured that it is a general property of quantum

gravity.

1.2.2 Black hole microstates

Black holes are predicted to emit Hawking radiation. This radiation comes
out of the black hole at a specific temperature. For all ordinary physical
systems, statistical mechanics explains temperature in terms of the motion
of the microscopic constituents and entropy in terms of the degeneracy of the
macroscopic state. What about the temperature and entropy of a black hole?
To understand it, we would need to know what the microscopic constituents
of the black hole are and how they behave. Only a theory of quantum gravity
can tell us that [12].

What is the microscopic, statistical origin of black hole entropy Sgg?
We know that a black hole, viewed from the outside, is unique classically,
by virtue of the no-hair theorems, which we shall discuss in the next Sec-
tion. The Bekenstein-Hawking formula, however, suggests that a black hole
is compatible with e°2# independent quantum states. The nature of these
quantum states remains largely mysterious [13].

We cannot interprete the Bekenstein-Hawking formula (1.6) on the en-
tropy of a black hole without a deep understanding of its ultimate con-
stituents and degrees of freedom.

As we will see in Chapter 3, Banados, Teitelboim, and Zanelli proved that

11



black holes exist in (241)-dimensional gravity and exhibit the usual thermo-
dynamic behaviour. But in 2+1 dimensions there are no gravitons, therefore
the relevant degrees of freedom for black hole entropy cannot be the ordinary
gravitons.

Black hole entropy is proportional to the area of the boundary and not
to the volume, as one would have expected. Therefore, it turns out that the

information content of a black hole is stored on its event horizon rather than
in the bulk.

1.3 Quantum aspects of black hole entropy

The Bekenstein-Hawking entropy
AA
4hG

for a black hole of horizon area A shows that the underlying microscopic

SBH =

degrees of freedom must be quantum gravitational, since Sy depends both
on quantum mechanics, through the Planck constant h = /27, and on grav-
itation, through the Newton constant G. Therefore, a deep understanding of
black hole entropy would require a quantum theory of gravity.

In the following Subsections we discuss some physical properties and pro-

cesses which are closely related to the quantum aspects of black hole entropy.

1.3.1 No-hair theorems

In principle there could be a wide variety of black holes, depending on the
process by which they were formed. Surprisingly, however, any black hole
settles down into a state which is characterized only by its mass M, charge
@ and angular momentum .J. This property was expressed by Wheeler with
the statement “black holes have no hair”. More specifically, we can enunciate
the following uniqueness theorem:

“Stationary, asymptotically flat black hole solutions to classical general rel-

ativity are fully characterized by mass, charge and angular momentum”.

12



Notice that this result depends not only on general relativity, but also on
the underlying theory, therefore there exist a lot of “no-hair theorems”. The
central point, however, is always the same: black hole are characterized by a
very small number of parameters, rather than by the potentially infinite set
of parameters characterizing an ordinary system.

In statistical mechanics the entropy of a system is related to the num-
ber of possible microstates that give the same macroscopical configuration.
But no-hair theorems indicate that there is only one possible microstate cor-
responding to a black hole of fixed mass, charge and angular momentum.
Therefore, we would expect that black hole entropy is zero. This indicates

that the origin of black hole entropy is not classical, but quantum mechanical.

1.3.2 Information loss paradox

In classical general relativity, the information carried by any complicated
collection of matter that collapses into a black hole can be thought of as
hidden behind the event horizon rather than truly being lost. But quantum
field theory, applied in a curved spacetime, predicts that black holes evapo-
rate, emitting Hawking radiation, which contains less information than the
one that was originally in the spacetime, therefore “information is lost” [14].
This process seems to violate the unitarity that is implicit in quantum field
theory, one of the theories that led to the prediction. Actually, the outgoing
Hawking radiation responsible for the evaporation should somehow encodes
information about the original state of the black hole [15], but how that hap-
pens is completely unclear. Understanding this “information loss paradox”
is a crucial step in building a sensible theory of quantum gravity.

The study of black hole entropy can contribute to explain the information
loss paradox, since entropy is a measure of the information stored in any
physical system, including black holes.

Finally, let us recall from Eq. (1.5) that the temperature of the Hawking

radiation is 7" = x/27. For a four-dimensional Schwarzschild black hole it

13



becomes T' = hc®/(8wk,G M), where we have included explicitly the Boltz-
mann constant k,. By substituting the numerical values of each constant,

we obtain, in kelvin,

M
T~6x10°—2K 1.7
X ar Ko (1.7)

where M is the solar mass. The Hawking temperature for a black hole of
stellar mass turns out to be some eight orders of magnitude smaller than the

cosmic microwave background temperature and far smaller for a supermassive

black hole [12].

1.4 “Problem of universality”

Today we have a great number of proposals for explaining black hole entropy.
None of these is yet completely satisfactory, but all give the right functional
dependence and the right order of magnitude for the entropy. And all agree
with the original semiclassical result (1.6), that was obtained by Bekenstein
and Hawking without any assumptions about the quantum gravitational mi-
crostates of a black hole.

Why profoundly different approaches to black hole entropy always provide
the same result? This is the so-called ”"problem of universality”, which is
considered one of the most relevant questions related to the formulation of a
quantum gravity theory [16, 17, 18, 19].

The frameworks of some approaches to black hole entropy are listed below

[12]:

e Weakly coupled strings and branes

AdS/CFT correspondence

e Loop quantum gravity

Induced gravity

Entanglement entropy.

14



It is not clear why all these inequivalent approaches reproduce the Bekenstein-
Hawking formula. Such “universality” may reflect an underlying two-dimen-
sional conformal symmetry near the horizon, which can be powerful enough
to control the thermal characteristics, independently of other details of the
theory.

If we tile the horizon with Planck-sized cells, and assign one degree of
freedom to each cell, then the entropy, which is extensive, will go like the
area. This suggests that the microstates can be described as living on the
horizon itself [20].

But the microscopic picture of a black hole is poorly understood and is the
subject of a great deal of research. This is hardly surprising: black hole
microstates are quantum gravitational, and we are still far from a complete,

compelling theory of quantum gravity.
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Chapter 2

The holographic world

A hologram is a two-dimensional object, but under the correct lighting con-
ditions it produces a fully three-dimensional image. All the information in
the 3D image is encoded in the 2D hologram.

Our real world with gravity and three spatial dimensions can be inter-
preted as the holographic image of a world without gravity and two spatial
dimensions defined on the boundary. This result is analog to what happens
in the case of holograms and is known as holographic principle.

A concrete realization of the holographic principle is the AdS/CFT cor-

respondence.

2.1 Holographic principle

According to the holographic principle, suggested by 't Hooft [21] and Susskind
[22], a bulk theory with gravity describing a macroscopic region of space is
equivalent to a boundary theory without gravity living on the boundary of
that region.

A hologram is a special kind of photograph that generates a full three-
dimensional image when it is illuminated in the right manner. All the in-
formation describing the 3-D image is encoded on the two-dimensional pic-
ture, ready to be regenerated. The holographic principle applies to the full

physical description of any system occupying a 3-D region: it proposes that
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another physical theory defined only on the 2-D boundary of the region com-
pletely describes the 3-D physics. If a 3-D system can be fully described by
a physical theory operating solely on its 2-D boundary, one would expect the
information content of the system not to exceed that of the description on
the boundary.

Holographic theory relates one set of physical laws acting in a volume
with a different set of physical laws acting on its boundary surface. The sur-
face laws involve quantum particles that interact like the quarks and gluons
of standard particle physics. The interior laws are a form of string theory
and include the force of gravity. The physical laws on the surface and in the
interior are completely equivalent, despite their radically different descrip-

tions.

2.1.1 Holographic bound

The holographic bound is an extension of the formula for black hole entropy
to all matter in the universe.

In his work on the holographic principle [22], Susskind considered an ap-
proximately spherical distribution of matter that is not itself a black hole
and that is contained in a closed surface of area A, as represented in Figure
2.1.

Let us suppose that the mass is induced to collapse to form a black hole,
whose horizon area turns out to be smaller than A. The black hole entropy
is therefore smaller than A/4¢% and the generalized second law implies that

the entropy S of the original physical system is necessarily less than A/4/(%:

A
S< (2.1)
P

The entropy of a region of space, i.e. its maximum information content, is
fixed by the area A of the boundary and not by the volume.
This surprising result - that information capacity depends on surface area -

defies the commonsense expectation that the capacity of a region should de-

18



distribution

of matter

area < A

area = A

Figure 2.1: A distribution of matter in a closed surface of area A collapses
into a black hole with horizon area smaller than A.

pend on its volume and has a natural explanation if the holographic principle
is true [7].

The holographic bound is “universal”, in the sense that it is independent
of the specific characteristics and composition of matter systems. However,
its validity is not truly universal, because it applies only when gravity is

weak.

2.1.2 Covariant entropy bound

The covariant entropy bound, formulated by Bousso [23], refines and gener-

alizes the result given by the holographic bound.

In any D-dimensional Lorentzian spacetime, the covariant entropy bound

can be stated as follows [7].

If B is an arbitrary (D — 2)-dimensional spatial surface, which need not
be closed, a (D — 1)-dimensional hypersurface L is called a light-sheet of B if
L is generated by light rays which begin at B, extend orthogonally away from

B and are not expanding, i.e. either parallel or contracting. The entropy S

19



on any light-sheet L of B is bounded by

A(B)
S<

(2.2)

where A(B) is the area of the surface B.
The event horizon of a black hole is a light-sheet of its final surface area.
Thus, the covariant entropy bound includes the generalized second law of

thermodynamics as a special case.

2.2 AdS/CFT correspondence

One of the most fruitful applications of the holographic principle is the
AdS/CFT correspondence, which was conjectured by Maldacena [24] in 1997
for a simplified chromodynamics in a four-dimensional boundary spacetime.
The particles that live on the boundary interact in a way that is very similar
to how quarks and gluons interact in reality.

Since Maldacena’s discovery, many researchers [25, 26, 27] have con-
tributed to exploring the conjecture and generalizing it to other dimen-
sions and other quantum field theories. So far, a mathematical proof of
the AdS/CFT correspondence has not been found yet, but there are strong
and wide evidences of its validity.

The AdS4y1/CFT, correspondence states that each field ¢ propagating
in a (d + 1)-dimensional anti-de Sitter spacetime is related, through a one
to one correspondence, to an operator O in a d-dimensional conformal field
theory defined on the boundary of that space.

The gravity partition function in the bulk turns out to be equal to the

correlation functions of the operators O on the boundary:

Zbulk [¢0 (-f)] = <ef d4x¢0(f>o(f)>boundary ) (23)

where the d-components of the variable ¥ parametrize the boundary of AdSg,

and ¢ () is an arbitrary function specifying the boundary values of the field
o(Z, z), with z defined in the bulk.

20



A similar relation between fields in AdS;y; and operators in CF'Ty also exists
for non-scalar fields, including fermions and tensors in anti-de Sitter space.
Essentially, the AdS/CFT correspondence can be interpreted as a relation be-
tween partition functions in the bulk and correlation functions on the bound-
ary.

The AdS/CFT correspondence impplies that we can use a boundary quan-
tum field theory, which is well established, to define in the bulk a quantum
gravity theory, which is completely unknown. Physicists have also used the
holographic correspondence in the opposite direction, employing known prop-
erties of black holes in the interior spacetime to deduce the behaviour of

quarks and gluons at very high temperatures on the boundary.

2.3 Establishing the dictionary

Let us consider the general expression of a two-point correlation function in

conformal field theory [28]:
012

= 17— 7/[2A”

< O0(2)O(T) > (2.4)

where C, is a constant coefficient and A is the scaling dimension of the
operator O.

The expression of the two-point correlation function of the CFT,; operator
O dual to a scalar field ¢ propagating in the AdS4,; space is [29]:

oy CA-dT@A) 1
< O@WOW) >= "iT A — a2 T =7

(2.5)
The parameter A is given by
1
A= i(d + Vd? + 4m?2?) (2.6)

where £ is the anti-de Sitter radius and m is the mass of the scalar field.

By comparing these two expressions of the correlation functions, it turns out
that the parameter A related to the scalar field ¢ in the AdS;y; space is
equal to the scaling dimension of the CFT,; operator O dual to ¢.
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We can summarize the previous results building up a sort of dictionary
AdS/CFT, which makes explicit the one-to-one correspondence between each
field ¢ propagating in the AdS, 1 space and a dual operator O in the bound-
ary CFTy:

Field ¢ in the bulk «—  Operator O on the boundary

Mass m of ¢ «+—  Scaling dimension A of O

Recall that the paartition functions are expressed in terms of a conformal

boundary metric h and that the parameter A is given by Eq. (2.6).

2.4 AdS metric and bulk propagators

In this Section we outline two features of the AdS spacetime which will be
exploited in the next Section to derive the UV/IR relation and throughout
next Chapters.

Poincaré coordinates and cavity coordinates
The (d + 1)-dimensional anti-de Sitter (AdS441) space with radius ¢ can
be represented as the hyperboloid

d
Xo+Xp,—> XP=20 (2.7)

i=1
in the flat (d + 2)-dimensional space with metric
d
ds® = —dX} —dX3, + > dX?. (2.8)
i=1
Let us consider the so-called Poincaré coordinates, defined e.g. in [30]:

1 )
{1+—(€2+52)} , Xi:g: (i=1,...,d—1),

[1 — (P - 3?2)} ;o Xy = % (2.9)



with # = (¢, 2',...,2971) € R% Inserting these coordinates into the flat
(d + 2)-dimensional metric (2.8), we get the so-called Poincaré metric of the
AdS;41 space
2 i
ds* = = (d2® + d7?), (2.10)

with the boundary at z = 0.
For completness, let us notice that, by inserting the variable v = 1/z into
the Poincaré metric, we get the modified Poincaré metric:

2
ds® = (2 {du

T u? de] : (2.11)
The Poincaré metric of the AdSy,1 space, introduced in Eq. (2.10), shows
that the geometry is invariant under ordinary Poincaré transformations of
the d-dimensional Minkowski coordinates ¢, ' (with i = 1,...,d —1). In
addition, we also have a “dilatation” symmetry: ¢t — M, ¢ — A\z?, 2 — \z.
The d-dimensional Poincaré symmetry is preserved on the boundary, at z =
0. Anagously, the dilatation symmetry acts as a simple dilatation on the
coordinates t, z¢. Therefore, the full AdS,,; symmetry group, when acting on
the boundary at z = 0, is exactly the conformal group of the d-dimensional
Minkowski space. By virtue of this symmetry, the holographic boundary
theory must be invariant under the conformal group, hence it should be a

conformal field theory.

We can also describe the AdS,.; space by means of the so-called cavity

coordinates [31]

1+ 72 1+
X():l_TQECOSt, Xd+1:m681nt,
2r
X, = —(Q;, 2.12
12 (2.12)

with ¢« = 1,...,d and Z?Zl Q2 = 1. Inserting these coordinates into the
flat (d + 2)-dimensional metric (2.8), we get the cavity metric of the AdS.44
space:

14+ 722
ds? = ¢ {—(13:2) at? +

4
m(d?"Q + ’I"Qinil) s (213)
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where dQ?2 | is the line element on the unit sphere S?~! and the boundary is
at r = 1.

The cavity metric, defined in Eq. (2.13), represents the AdS,,; space as the
product of a unit d-dimensional spatial ball with an infinite time axis. The
geometry can be described by dimensionless coordinates ¢, r, §2;, where ¢ is
time, 7 is the radial coordinate (0 < r < 1) and Q;’s (withi=1,...,d —1)
parametrize the unit (d — 1)-sphere. The AdS space is the ball r < 1, while
the boundary conformal theory lives on the sphere r = 1.

Although the boundary of AdS spacetime is at infinite proper distance from
any point in the interior of the ball, light can travel to the boundary and back
in a finite time: AdS spacetime behaves like a finite cavity with reflecting
walls and size of order ¢.

Notice that the Poincaré metric can be regarded as a local approximation to

the cavity metric [31].

Bulk propagators
The bulk-to-bulk propagator Ga(X, X') for a scalar field with mass m is
defined by the equation

(O -m*)Ga(X, X') = —6(X, X'). (2.14)

In Poincaré coordinates we have X = (z, ), with Z = (¢, !, ..., 2971) € RY,

and similar relations for X'.
In the AdSy, 4 space with radius ¢, the explicit solution to the previous equa-

tion is given by [32, 33, 34]

272Cx A A 1 d
N A - = . 7 .2
GalX, X) = S oear (5. 545 A -5 +1€) . @)
where we have defined
222 ['(A)
— d = . 2.1
¢ 22427+ (= 7')? and - Ca T2T(A — d/2) (2.16)

In the previous equations A is the larger root of the equation A(A—d) = m?,
7/..6. A = A+, Wlth

Ay = Z(dE V> +4m2(?) . (2.17)

1
2
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Let us recall that the hypergeometric function o Fi(a, b; ¢; z) is defined by

the series

3

F b; n 2.18
o F (a,b;¢; 2) ; ©. 7 ( )

which converges for |z| < 1 if ¢ is not a negative integer and on the unit circle
|z| = 11if Re(c —a —b) > 0. In the previous definition we have introduced
the rising factorial, or Pochhammer symbol:

(a+n—1)!

(a—1)!

If one of the bulk points moves to the boundary, e.g. z ~ 0, the bulk-to-

(@), =ala+1)(a+2)(a+n—1)=

bulk propagator Ga (X, X’) asymptotes to the bulk-to-boundary propagator
Ka(z, © —2"), as discussed in [25, 26, 27]:

A
/ - Z Iz A+2
GA(X,X)‘ZNO —72A_dKA(Z,IL’ 1’)—}—0( ) (2.19)
where
. A

2.5 The UV/IR connection

Infrared (IR) effects in the bulk theory describing a (d + 1)-dimensional
anti-de Sitter spacetime correspond to ultraviolet (UV) effects in the d-
dimensional conformal field theory defined on the boundary: we call this
relation the UV/IR connection [35, 36].

The boundary of the anti-de Sitter space AdS,, 1 can be viewed as the product
of a (d — 1)-sphere with the infinite time axis: R x S%-1,

Following Susskind and Witten in [35], we will introduce an infrared regulator
for the area of the boundary of the AdS,,; space, which is infinite. To do
so, we replace the boundary at r = 1 in cavity coordinates (or at z = 0 in
Poincaré coordinates) with a sphere at r = 1 —§ (or, equivalently, at z = 9),

where § is a number much smaller than unit.
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In the cavity metric (2.12), the radius of the d-ball defined by r <1 —¢ is

4r?
=2

14

R? = ¢? — R~ (2.21)

r=1-¢
In the Poincaré metric (2.9), the radius of the d-ball defined by z < § is

€2

R? = ¢

z=4 0

2

In both cases, the area of the (d — 1)-sphere with radius R ~ ¢/¢ is

St ~ Cay (g)d_l , (2.23)

where Cy_; is a constant depending on the dimension d — 1 of the sphere.
As we can see, the area of the boundary diverges as § — 0, therefore we can
interpret 0 as an IR regulator in the bulk theory.

The UV-IR connection is at the heart of the holographic requirement that
the number of degrees of freedom should be of order the area of the boundary
measured in Planck units [31].

It can be derived more rigorously by means of two other approaches, relying

on the notions of geodesic distance and bulk propagator, respectively.

Geodesic distance

As discussed in [35], let us cut off the AdSyy1 spacetime at z = § in Poincaré
coordinates, close to the boundary z = 0. This is an IR cutoff in the bulk
corresponding to a UV cutoff in the gauge theory. In order to prove this
result, we will show that the geodesic distance between two points #, & on
the cutoff-boundary sphere, at z = 9§, scales as log(|Z — 2’|/d). Therefore
we may view § < |Z — Z’| as a small distance cutoff in the boundary gauge
theory.

As discussed e.g. in [37, 38|, the geodesic distance D(X, X') between two

points X = (z, Z) and X' = (¢/, &) is given by

(2.24)

D(X, X') = {cosh™ [LX’ X/)} ,

62
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where we have defined the quantity
P(X, X') = —-n, , X X7, (2.25)

with , , = diag(-1,1,...,1, =1)and A, B =0, 1,...,d+ 1.

Using the Poincaré coordinates (2.9), we find

d
P(X, X/) — X0 x/0 _ ZXZ X + X xrd+1
=1
=

_ 1+i(€2+ %) 1+—(€2 7?) ——sz 'i
4 22 22!

2

22! 1 1 B 14
| e )
Substituting the identities
=ttt — sz oand |F-TP =+ -27- T,
we obtain

2

P(X, X/):ﬁ

(% + 22+ 172 -2). (2.26)
In order to calculate the geodesic distance between two points on the cutoff-
boundary at z = 0, we assume that § < |Z — 2’| and insert z ~ 2z’ ~ § into

the expression of P(X, X'), obtaining

= 72 2
P(X, X') NeQ% and D(X, X') ~ (log (%) o (2.27)

where we have used the identity cosh™ 2 = log(x++/22 — 1) and the asymp-
totic approximation log(z + va? — 1) ~ log z, for = > 1.
Under the assumption § < |# — @’|, the geodesic distance D between two

points on the cutoff-boundary at z = § scales as

D(X, X') ~ 2 log (‘x = d ‘) (2.28)

and diverges logarithmically as 6 — 0, therefore we can interpret ¢ as a UV

regulator in the boundary gauge theory.
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Bulk propagators and UV /IR relation

Let § be an IR cutoff in the bulk; we will show here that § corresponds to a
UV cutoff in the boundary gauge theory.

In order to calculate the propagator between two points Z, # on the cutoff-

| and insert z ~ 2’ ~ § into

boundary sphere at z = 4§, we assume ¢ < |7 — 7

the expression of Ga(X, X'), obtaining

2-2Cx A A 1 d
/ A =2 =2, -, o u L2
GA(X,X) QA—dn 2F1(2,2+2,A 2+1,77), (229)
where we have defined
262
= 1. 2.
(YN T (2:30)

When we take the limit 6 — 0, the parameter 1 goes to zero, therefore we

have

AL L, d ):1, (2.31)

li Fl= =4+ A—=-+11
6,;1;{102 1<272+2a 2+777
as we can easily verify from the series (2.18) that defines o F) (a, b; ¢; 2).

The bulk-to-bulk propagator Ga(X, X’), when the points X, X' approach

the boundary, is finally

/ O 5 2A
GA(X,X)NQA_d(|f_fI|) . (2.32)

The dependence on § of the propagator Ga(X, X’) between two points 7, 7’
on the boundary shows that  can be interpreted as a UV regulator for the

boundary gauge theory.
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Chapter 3

Gravity in Flatland

Gravity in 2+1 dimensions (two dimensions of space plus one of time) has
important features in common with (3+1)-dimensional general relativity. At
the same time, however, planar gravity is vastly simpler, both mathematically
and physically.

The world is (3+1)-dimensional, therefore (2+1)-dimensional gravity is
certainly not a realistic model of our universe. Nonetheless, gravity in 2+1
dimensions reflects many of the fundamental conceptual issues of real world
gravity, and work in this field has provided valuable insights.

In an anti-de Sitter spacetime, in particular, 2+1 gravity admits black hole
solutions, which are known as BTZ black holes. As we shall see, their entropy
can be computed through the Cardy formula, which allows one to count
the thermal states of a two-dimensional conformal field theory living the

boundary of the three-dimensional AdS spacetime.

3.1 Gravity in 2+1 dimensions

Since the seminal works of Deser, Jackiw, 't Hooft and Witten in the mid-
1980s, (2+1)-dimensional gravity has become an active field of research.

In 2+1 gravity the Riemann tensor R,,s, is linearly related to the Ein-
stein tensor G, [39]:

Ra,u,ﬁ’u = _Ea;weﬁucSGw/a
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hence when G*¥ vanishes, so does R,,s,. This means that any solution of

the field equations with a cosmological constant A,
R, =2Ag,,,

has constant curvature. Locally the spacetime can be [40]

o flat, if A =0

e de Sitter, if A > 0

e anti-de Sitter, if A < 0.

Physically, a (2+1)-dimensional spacetime has no local degrees of freedom:
there are no gravitational waves in the classical theory, and no propagating
gravitons in the quantum theory. Forces between sources are not mediated by
graviton exchange. For this reason planar quantum gravity gives us the op-
portunity for examining the interrelation between geometrical and quantum
concepts without the complication of graviton propagation.

The absence of local degrees of freedom in 241 gravity can be verified by
a simple counting argument [41]. In n dimensions, the phase space of general
relativity is parametrized, at constant time, by a spatial metric with n(n —
1)/2 components, and by its conjugate momentum, with other n(n — 1)/2
components. But n of the Einstein field equations are constraints rather than
dynamical equations, hence n more degrees of freedom can be eliminated
by coordinate choices. We are thus left with n(n — 1) — 2n = n(n — 3)
physical degrees of freedom per spacetime point. In four dimensions, this
gives the usual four phase space degrees of freedom, two gravitational wave
polarizations and their conjugate momenta. If n = 3, instead, there are no
local degrees of freedom.

Spacetime is not three-dimensional and clearly (2+1)-dimensional gravity
is not a physically realistic model of our universe. Nevertheless, this simple
model is rich enough to allow us to learn a good deal about the nature of
quantum gravity. In particular, the analyses of black hole thermodynamics

may offer genuine physical insight into the real (341)-dimensional world.
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We can introduce dynamics into a (2+1) spacetime by considering a neg-

ative cosmological constant, since in this case there exist black hole solutions.

3.2 Three-dimensional black holes

In 1992 Banados, Teitelboim and Zanelli showed that (2+1)-dimensional
gravity admits black hole solutions, known as BTZ black holes [42, 43]. They
solved the Einstein’s equation of general relativity in a three-dimensional

anti-de Sitter spacetime with radius ¢:
1
R, — §R9w’ +Ag,, =0,

where A = —1/¢* is the cosmological constant, R, is the Riemann tensor,
R is the Ricci scalar and g, is the metric tensor.

The BTZ black hole differs from the Schwarzschild and Kerr solutions in
some important respects [44]: it is asymptotically anti-de Sitter rather than
asymptotically flat, and has no curvature singularity at the origin. Nonethe-
less, it is clearly a black hole: it has an event horizon and (in the rotating
case) an inner horizon, it appears as the final state of collapsing matter,
and it has thermodynamic properties much like those of a (341)-dimensional
black hole.

In Schwarzschild-like coordinates a BTZ black hole with mass M and

angular momentum J is given by the metric [45]
ds* = (N+)%dt> — (N+)"%dr® — r*(d¢ + N%dt)? (3.1)
with the “lapse and shift functions” N+, N¢ are defined as

2 16022 1/2 4G
Nl:(—8GM+Z—2+ ! ) C o= (<Mo)L (32)

The metric (3.1) describes a true black hole: it has an event horizon at r

and, when J # 0, an inner horizon at r_, where r, are
1/2

- (ﬁﬂ (3.3)

ri =4GMFP {1+
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and M, J are expressed by

M r2 472
8Gr2 7

ryr_

S = 4Gl

(3.4)

For our purposes, the most important feauture of the BTZ black hole is
that it has thermodynamical properties closely analogous to those of realistic
(3+1)-dimensional black holes. It radiates at a Hawking temperature given
by

P2 g2
T=-"—— 3.5
2ml%r (35)
and has an entropy
27TT+
S = 3.6
1 (3.6)

proportional to the event horizon “area” A = 27r,, corresponding to the
length of the boundary circle. Notice that in the previous formulas we have

used physical units such that c = h = 1.

In classical gravity, the BTZ black hole allows us to explore many of the
general characteristics of black hole dynamics in a framework in which we
are not confused by mathematical complications. Thus, for example, we can
investigate detailed models of collapsing matter without having to resort to

numerical simulations.

It is in quantum gravity, however, that the power of the BTZ model
truly becomes evident. In 341 dimensions the study of black hole quantum
mechanics is necessarily approximate and speculative; In 2+1 dimensions,
instead, most of the obstructions to the quantization of general relativity
disappear. The differences between the (2+1)-dimensional black hole and its
(341)-dimensional counterpart (for example, the positive specific heat of the
BTZ solution) cannot be neglected, of course, but the developing work on
the BTZ black hole will provide important results in the difficult subject of

quantum gravity.
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3.3 The Cardy formula

In Chapter 1 we discussed the “problem of universality”: why inequivalent
statistical approaches to black hole entropy give the same results?

There exists one well-understood case in which universality of the sort we
see in black hole statistical mechanics appears: the Cardy formula [46].
Following the discussion in [47], we consider now a two-dimensional conformal
field theory, which is invariant under diffeomorphisms (“generally covariant™)
and Weyl transformations (“locally scale invariant”). If we choose complex
coordinates z and Zz, the basic symmetries of such a theory are the holomor-
phic and antiholomorphic diffeomorphisms z — f(z), Z — f(z). These are
canonically generated by two symmetry generators L,, and L,, which obey

the Virasoro algebra

C
[Lm7 Ln] = (m - n)Lm—I—n + E(mg - m)5m+n,0
- - c
[Lm> Ln] = (m - n)Lern + E(m:g - m)(strn,O

The central charges ¢ and ¢ are called “conformal anomalies”. The zero-
mode generators Lo and Ly are conserved charges, roughly analogous to
energies; their eigenvalues are commonly referred to as “conformal weights”
or “conformal dimensions”.

Let us consider a conformal field theory for which the lowest eigenvalues
Ay and Ag (i.e. the “energies” of the ground state) of Ly and Lo are nonneg-
ative. As Cardy first discovered [46], the density of states p(A, A) at large
eigenvalues A, A of Ly, Lo has the asymptotic behavior

Inp(A, A) ~ 27 w +or w .38

In 1986 Brown and Henneaux [48] discovered that the asymptotic sym-
metry group (ASG) of AdS;3 spacetime, i.e. the group of diffeomorphisms

that leaves invariant the asymptotic form of the metric, is the conformal
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group in two spacetime dimensions. This result represents the first evidence
of the AdS/CFT correspondence, which was conjectured ten years later by
Maldacena.

The generators of the diffeomorphisms obey two copies of Virasoro algebras,
whose central charges ¢, ¢ can be calculated by means of a canonical realiza-
tion of the ASG algebra. In the semiclassical regime ¢, ¢ > 1, Brown and

Henneaux obtained [48]
30

% .

As discussed in the following Section, Strominger [49] realized that the result

c=c¢=

(3.9)

found by Brown and Henneaux could be used to compute the BTZ black hole

entropy, reproducing the Bekenstein-Hawking expression.

3.4 Black hole entropy in 241 gravity

For asymptotically anti-de Sitter black holes, the AdS/CFT correspondence
makes it possible to compute entropy by counting states in a nongravitational
dual conformal field theory. The simplest case is the (2+1)-dimensional BTZ
black hole, whose dual is a two-dimensional conformal field theory.

As discussed in the previous Section, the density of states in a conformal
field theory has an asymptotic behavior controlled by a single parameter, the
central charge ¢ Strominger used this property to compute the BTZ black
hole entropy, reproducing the Bekenstein-Hawking formula.

Strominger exploited the Cardy formula (3.8), with the eigenvalues A, A
of Ly, Ly expressed in terms of the mass M and the angular momentum .J

of the black hole [49]:

A:%(£M+J), A:%(EM—J). (3.10)

By substituting the expressions (3.4) of M and J in terms of 7., we have

(re +r)* < (rp—r)?
A=2T__—7 A= A1
16G¢ 16GY (3.11)
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If one assumes Ag = Ay = 0, the Cardy formula (3.8) gives the standard
Bekenstein-Hawking entropy for the (2+1)-dimensional black hole:

S =Inp(A, A) =2 (F \/E) 2”” (3.12)

The entropy is thus determined by the symmetry, independently of any other

detail: exactly the sort of universality we were looking for.

The BTZ black hole demonstrates in principle that conformal field the-
ory can be used to compute black hole entropy [19]. The derivation de-
pends crucially on the fact that the conformal boundary of (2+1)-dimensional
asymptotically AdS spacetime is a two-dimensional cylinder, which provides
a setting to define a two-dimensional conformal field theory. No higher-
dimensional analog of the Cardy formula is known, so one cannot use sym-
metries of a higher-dimensional boundary to constrain the density of states.

The results obtained for the BTZ black hole may at first seem irrelevant
in higher dimensions, but near the horizon all black holes approximately
have an effective two-dimensional conformal description on a (¢, ¢) cylinder,
without any fields depending on 7.

Strominger’s result applies directly only to the special case of three-di-
mensional spacetime, however it has an important generalization. Many of
the higher dimensional near-extremal black holes of string theory, including
black holes that are not asymptotically anti-de Sitter, have a near-horizon
geometry of the BTZ form. As a consequence, the BTZ results can be used

to find the entropy of a large class of stringy black holes.
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Chapter 4

Entropy of the charged BTZ
black hole

The charged BTZ black hole is characterized by a power-law curvature singu-
larity generated by the electric charge of the hole. The curvature singularity
produces logarithmic terms in the asymptotic expansion of the gravitational
field and divergent contributions to the boundary terms. In this Chapter we
show that these boundary deformations can be generated by the action of
the conformal group in two dimensions and that an appropriate renormal-
ization procedure allows us to define finite boundary charges [50, 51]. In
the semiclassical regime the central charge of the dual CFT turns out to be
that calculated by Brown and Henneaux, whereas the charge associated with
time translation is given by the renormalized black hole mass. We then show
that the Cardy formula reproduces exactly the Bekenstein-Hawking entropy
of the charged BTZ black hole.

4.1 Description of the model

The discovery of the existence of black hole solutions in three spacetime
dimensions by Banados, Teitelboim and Zanelli (BTZ) [42, 43] (for a review
see Ref. [44]) represents one of the main recent advances for low-dimensional

gravity theories. Owing to its simplicity and to the fact that it can be
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formulated as a Chern-Simon theory, 3D gravity has become paradigmatic
for understanding general features of gravity, and in particular its relationship
with gauge field theories, in any spacetime dimensions.

The realization of the existence of three-dimensional (3D) black holes not
only deepened our understanding of 3D gravity but also became a central

key for recent developments in gravity, gauge and string theory.

In the context of 241 gravity, an important role is played by the notion
of asymptotic symmetry. This notion was applied with success some time
ago to asymptotically 3D anti-de Sitter (AdS3) spacetimes, to show that
the asymptotic symmetry group (ASG) of AdS; is the conformal group in
two dimensions [48]. This fact represents the first evidence of the existence
of an anti-de Sitter/conformal field theory (AdS/CFT) correspondence and
was later used by Strominger to explain the Bekenstein-Hawking entropy of
the BTZ black hole in terms of the degeneracy of states of the boundary
CFT generated by the asymptotic metric deformations [49]. Moreover, the
Chern-Simon formulation of 3D gravity allowed to give a nice physical inter-
pretation of the degrees of freedom whose degeneracy should account for the

Bekenstein-Hawking entropy of the BTZ black hole [45, 52, 53].

Nowadays, the best-known example of the AdS/CFT correspondence [24,
25] is represented by bulk 3D gravity whose dual is a two-dimensional (2D)
conformal field theory (CFT). The BTZ black hole fits nicely in the AdS/CFT
framework and can be interpreted as excitation of the AdSs; background,
which is dual to thermal excitations of the boundary CFT. The BTZ black
hole continues to play a key role in recent investigations aiming to improve
our understanding of 3D gravity and of general feature of the gravitational
interaction [54, 55].

A characterizing feature of the BTZ black hole (at least in its uncharged
form) is the absence of curvature singularities. The scalar curvature is well-
behaved (and constant) throughout the whole 3D spacetime. This feature is

shared by other low-dimensional examples such as 2D AdS black holes (see
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e.g. Ref. [56]), for which also the microscopic entropy could be calculated

[57, 58] using the method proposed in Ref. [49].

On the other hand the absence of curvature singularities makes the BTZ
black hole very different from its higher dimensional cousins such as the 4D
Schwarzschild black hole. Obviously, this difference represents a loss of the
“paradigmatic power”, which the BTZ black hole has in the context of the
theories of gravity. Omne can try to consider low-dimensional black holes
with curvature singularities generated by matter sources. But, in general the
presence of these sources generates a gravitational field which asymptotically
falls off less rapidly then the AdS term producing divergent boundary terms
[59].

In this Chapter we consider the alternative case in which the curvature
singularity is not generated by mass sources but by charges of the matter
fields. Because matter fields fall off more rapidly then the gravitational
field, we expect the divergent boundary contributions to be much milder and

removable by an appropriate renormalization procedure.

An example of this behavior, which we discuss in detail in this Chapter,
is the electrically charged BTZ black hole. It is characterized by a power-
law curvature singularity generated by the electric charge of the hole. The
curvature singularity generates Inr terms in the asymptotic expansion of
the gravitational field, which give divergent contributions to the boundary
terms. We will show that these boundary deformations can be generated by
the action of the conformal group and that an appropriate renormalization
procedure allows for the definition of finite boundary charges. The central
charge of the dual CF'T turns out to be the same as that calculated in Ref.
[48], whereas the charge associated with time translation is given by the
renormalized mass. We then show that the Cardy formula reproduces exactly

the Bekenstein-Hawking entropy of the charged BTZ black hole.
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4.2 The charged BTZ black hole

The BTZ black hole solutions [42, 43] in a (2 + 1)-dimensional anti-de Sitter
spacetime with radius ¢ are derived from a three-dimensional theory of gravity

with negative cosmological constant A = _e% and action

16;G/d3x\/—_g (R+ %) (4.1)

where G is the 3D Newton constant. We are using units where G and ¢ have

I =

both the dimension of a length !.

The corresponding line element in Schwarzschild coordinates is

2
ds®> = —f(r)dt* + f'dr® +r? (d@ - 4dot) : (4.2)

r2
with metric function:

2 2 72
) = —sGM + = 4 1067

{2 r2 ’

(4.3)

where M is the Arnowitt-Deser-Misner (ADM) mass, J the angular momen-
tum (spin) of the BTZ black hole and —oco < t < 400, 0 < r < +o0,
0 < 6 < 2x. The outer and inner horizons, i.e. r, (henceforth simply black
hole horizon) and r_ respectively, concerning the positive mass black hole

spectrum with spin (J # 0) of the line element, (4.2) are given by

2
ri = 4G(? <M + 14/ M2 — ‘2—2> : (4.4)

In addition to the BTZ solutions described above, it was also shown in [42, 60]
that charged black hole solutions similar to (4.2) exist. These are solutions
following from the action [60, 61]

1

I —
167G

/ d*r/—=g (R+ 2\ — 47GF,, F"). (4.5)

INotice that often in the literature units are chosen such that G is dimensionless,
8G = 1.
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The Einstein equations are given by
G;w - Ag;w = 87TGT/W> (46)
where 7),, is the energy-momentum tensor of the electromagnetic (EM) field:

1
T = F,Foeg™ — 1 G F?. (4.7)

Electrically charged black hole solutions of the equations (4.6) take the form
(4.2), but with

r?  16G*J?

_ 21"
f(r)=—-8GM + 2 + R 81GQ) ln(z), (4.8)
whereas the U(1) Maxwell field is given by
Ftr - %, (49)

where () is the electric charge. Although these solutions for r — oo are
asymptotically AdS, they have a power-law curvature singularity at r = 0,
where R ~ 8”?—2@)2. This » — 0 behavior of the charged BTZ black hole has
to be compared with that of the uncharged one, for which » = 0 represents
just a singularity of the causal structure. For r > /¢, the charged black hole
is described by the Penrose diagram as usual [62].

In this Chapter we will consider for simplicity only the non-rotating case
(i.e. we will set J = 0), however our results can be easily extended to the
charged, rotating BTZ black hole.

In the J = 0 case the black hole has two, one or no horizons, depending
on whether

A = 8GM — 47GQ? (1 —9 ln(2Qm> (4.10)

is greater than, equal to or less than zero, respectively. The Hawking tem-

perature Ty of the black hole horizon is

Ty 2GQ2

Ty =
= o Ty

(4.11)
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According to the Bekenstein-Hawking formula (1.6), the thermodynamic en-

tropy of a black hole is proportional to the area A of the outer event horizon,

S = 4G, where we have put A = ¢ = 1. For the charged BTZ black hole we
have
2rry wl
= = 2GM + 2 2ln — 4.12
S e el GM +21rGQ n’ g (4.12)

4.3 Asymptotic symmetries

It is a well-known fact that the asymptotic symmetry group (ASG) of AdSs,
i.e. the group that leaves invariant the asymptotic form of the metric, is
the conformal group in two spacetime dimensions [48]. This fact supports
the AdS;/CFT, correspondence [24, 25| and has been used to calculate the
microscopical entropy of the BTZ black hole [49]. In order to determine the
ASG one has first to fix boundary conditions for the fields at » = oo then to
find the Killing vectors leaving these boundary conditions invariant.

The boundary conditions must be relaxed enough to allow for the action
of the conformal group and for the right boundary deformations, but tight
enough to keep finite the charges associated with the ASG generators, which
are given by boundary terms of the action (4.5). For the uncharged BTZ

black hole suitable boundary conditions for the metric are [48]

2
1
ge = —5 +0(), gw=0(1), G =_0gr= O(ﬁ)’
52 1 2
Grr = 7«2 + O(ﬁ)a oo = 17 + O(l)’ (413)

whereas the vector fields preserving them are

X' =0(e" @) +e(a7)) + £(32 e+ 0%e) + O(%),

X =) - @) - %(éﬂ o)+ O(y)
X =10 +0 € )+ O(%), (4.14)

where e (zT) and e (z7) are arbitrary functions of the light-cone coordi-

nates 2 = (t/¢) £ 0 and 0. = 9/0x*. The generators L, (L,) of the
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diffeomorphisms with et £ 0 (e~ # 0) obey the Virasoro algebra

C
[Lm, Ln] = (m — n)Lm+n -+ ﬁ(mg - m)5m+n,0
— - C
[Lm, Ln] = (m — n)Lm+n + E(TI’L:3 m)5m+n’0

where ¢ is the central charge. In the semiclassical regime ¢ > 1, explicit

computation of ¢ gives [48]

_ 3t
- 2G7

C

(4.16)

The previous construction in principle should work for every 3D ge-
ometry which is asymptotically AdS. However, it is not difficult to realize
that it works well only for the uncharged BTZ black hole (4.2). In its im-
plementation to the charged case one runs in two main problems. First,
the boundary conditions (4.13) do not allow for the term in Eq. (4.8)
describing boundary deformations behaving as Inr. One could relax the
boundary conditions by allowing for such terms, but this will produce di-
vergent boundary terms. Second, if the black hole is charged we must
also provide boundary conditions at r — oo for the electromagnetic field.
In view of Eq. (4.9), simple-minded boundary conditions would require
F, = Q/r + O(1/r?), Fu = O(1)r), F,g = O(1/r). However, these
boundary conditions are not invariant under diffeomorphisms generated by
the Killing vectors (4.14). Again, one could relax the boundary conditions,
but then one should take care that the associated boundary terms remain
finite. Both difficulties can be solved by relaxing the boundary conditions
for the metric and for the EM field and by using a suitable renormalization
procedure to keep the boundary terms finite.

Let us introduce the field v, (z*,27), T\ (2*, 27), p,v =r,+, —, which
are function of ™, 2z~ only and describe deformations of the r = oo asymp-

totic conformal boundary of AdSs;. In the coordinate system (r,x% z7),
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suitable boundary conditions for the metric, as r — oo, are

r? T 1
= —— 4+, In- _+0(-
9+ 5 +14 ny + Y4+ (7")’
T 1
g+t = Fiilﬂz‘i‘Vii‘i‘O(;),
In” 1
o 7 Y4r
G+r = F+—7 3 +O(T—4)7
02 Ing ., 1
Grr = ﬁ + Frr? + 7"_4 + O(E)? (417)

One can easily check that the boundary conditions (4.17) remain invariant
under the diffeomorphisms generated by x” of Eq. (4.14) and by the other

two Killing vectors, which in light-cone coordinates take the form
+ + 62 2 _F 1
XT =26+ ﬁﬁer + O(ﬁ)' (4.18)

The generators of ASG span the virasoro algebra (4.15), and the boundary
fields 7, I" transform as 2D conformal field of definite weight with (possible)
anomalous terms.

A set of boundary conditions for the EM field F},, that are left invariant
under the action of the ASG generated by x* are

Foo=0(), Fip=0(), F,=0() (4.19)

Notice that we are using very weak boundary conditions for the EM field.
We allow for deformations of the EM field which are of the same order of
the classical background solution (4.9). Although the boundary conditions
are left invariant under the action of the ASG the classical solution (4.9)
is not. Thus, we are using a broader notion of asymptotic symmetry, in
which the classical background solution for matter fields (but not that for
the gravitational field) may change under the action of the ASG. This broader
notion of ASG remain self-consistent because, as we will see in detail in the
next section, the contribution of the matter fields to the boundary terms

generating the boundary charges vanishes.
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4.4 Boundary charges and statistical entropy

In the previous section we have shown that, choosing suitable boundary con-
ditions, the deformations of the charged BTZ black hole can be generated
by the action of the conformal group in 2D. However, the weakening of the
boundary conditions with respect to the uncharged case is potentially dan-
gerous, because it can result in divergences of the charges associated with
the generators of the conformal algebra.

In the case of the uncharged BTZ black hole, these charges can be cal-
culated using a canonical realization of the ASG [48, 63, 64]. Alternatively,
one can use a lagrangian formalism and work out the stress energy tensor
for the boundary CFT [65]. The relevant information we are interested in
is represented by the charge Iy = Iy associated with the Virasoro operators
Lo and Ly (we are considering the spinless case) and by the central charge
¢ appearing in algebra (4.15). The information about Iy and ¢ is encoded in
the boundary stress-energy tensor ©. of the 2D CFT. It can be calculated
either using the Hamiltonian or the lagrangian formalism and expressed in
terms of the fields describing boundary deformations. For the uncharged

BTZ black hole one finds
1

@ii:M

Vs (4.20)

where 1y are the boundary fields parametrizing the O(1) deformations in
the g4+ metric components. Using the classical field equations one can show
that .4 are chiral functions, i.e. v, (y-—) is function of 2™ (™) only [63].

Passing to consider the charged BTZ black hole, we have to worry both
about contribution to ©1. coming from the EM field and about divergent
terms originating from the Inr terms in Eq. (4.17). From general grounds,
the contribution of matter fields are expected to fall off for » — oo more
rapidly then those coming from the gravitational terms and from the cosmo-
logical constant. Thus, as anticipated in the previous section, the EM part

of the action gives a vanishing contribution to ©.,. This can be explicitly
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shown by working out explicitly the surface term 1, lfi]\fd) one has to add to
the action (4.5) in order to make functional derivatives with respect to the

EM potential vector A, well defined. One has
Ol X / o/ —gOIN, F5A,, (4.21)

where N, is a unit vector normal to the boundary. Using the boundary
conditions (4.17) and (4.19) one finds 6],55%1) = O(1/r), giving a vanishing
contribution when the boundary is pushed to r — oo. The same result can
be reached considering the Hamiltonian. In this case variation of the EM

part of the Hamiltonian gives the boundary term

bound

SHEM) / d9AS57" N, (4.22)

where 7" denote the conjugate momenta to A”.

Conversely, the Inr terms appearing in the asymptotic expansion (4.17)
give divergent contributions to the surface term. This fact has been already
noted in Ref. [60], where a renormalization procedure was also proposed. One
encloses the system in a circle of radius rg and, in the limit » — oo, one takes
also 19 — 0o keeping the ratio r/ro = 1. This renormalization procedure can
be easily implemented to define a renormalized black hole mass M(ry), which
has to be interpreted as the total energy (electromagnetic and gravitational)

inside the circle of radius ro. We have just to write the metric function (4.8)
as f(r)=r?/0? — 8GMy(ry) — 8mGQ*In(r/ro) with

To

Mo(ro) = M + 7Q* In( /

). (4.23)

Taking now the limit r,ry — oo, keeping r/rq = 1, the third term in f(r)
vanishes, leaving just the renormalized mass term. Moreover, because the
total energy of the system cannot depend on the value of ry, we can take
ro = T4, so that the total energy is just My(ry ), the renormalized mass

evaluated on the outer horizon.
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The same renormalization procedure can be easily implemented for the
boundary deformations in Eq. (4.17). We just define renormalized deforma-
tions

R)

.
A = 7+ Tag In 7, (4.24)

and similarly for viR,) ,v(iRr), B such that the boundary conditions (4.17)
become
(R)

T 1
g++ = Y4+ + Fii In ’I“_ -+ O(;), (425)
0

and similar expressions for g, , g4y, g In the limit r, 7y — oo, with r/rq =
1, the In(r/rg) term in Eq. (4.25) vanishes and we are left with boundary
conditions which have exactly the same form of those for the uncharged BTZ
black hole but with the boundary fields v,, replaced by the renormalized
boundary deformations (4.24). It follows immediately that the stress-energy
tensor for the boundary CF'T dual to the charged BTZ black hole is

1
Osr = 1Y (4.26)

with vﬁ_@ given by Eq. (4.24). One can also check that the field equations
(4.6) imply that viRi) have to be chiral functions of 2%, respectively.

The central charge of the 2D CFT can be calculated using the anomalous
transformation law for ”yﬁ_@ under the conformal transformations generated
by (4.18),

5.\ = 2(e50y + 20, ¥ )7 ) — 203 ¢+ (4.27)

As expected, it turns out that the central charge is given by Eq. (4.16). The
charge associated to time translations, I, = ly, can be calculated using Eq.
(4.26). One obtains

lo = 5CMo(r), (4.28)

where M, is the renormalized black hole mass (4.23).
In the semiclassical regime of large black hole mass, the existence of

an AdS3/CFTy correspondence implies that the number of excitations of
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the AdS; vacuum with mass M and charge @ should be counted by the
asymptotic growth of the number of states in the CFT [46],

S:4W\/%. (4.29)

Using Eqgs. (4.16), (4.28) and (4.23) we get

. /MO . 194 9 Ty

which matches exactly the Bekenstein-Hawking entropy of the charged BTZ
black hole (4.12).

In this Chapter we have shown that the Bekenstein-Hawking entropy of
the charged BTZ black hole can be exactly reproduced by counting states
of the CF'T generated by deformations of the AdS3; boundary. The difficul-
ties related with the presence of a curvature singularity have been circum-
vented using a renormalization procedure. Our result shows that the notion
of asymptotic symmetry and related machinery can be successfully used to
give a microscopic meaning to the thermodynamical entropy of black holes
also in the presence of curvature singularities. In particular, this result could
be very important for the generalization to the higher dimensional case of
low-dimensional gravity methods for calculating the statistical entropy of
black holes.
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Chapter 5

Entanglement entropy

Entanglement is one of the fundamental features of quantum mechanics and
has led to the development of new areas of research, such as quantum in-
formation and quantum computing. In this Chapter we consider a simple
quantum system composed of two separated regions [66], and calculate the
entanglement entropy (EE), which represents a measure of the loss of infor-
mation about correlations across the boundary. Entanglement entropy can
account for the Bekenstein-Hawking entropy, since the horizon of a black hole
divides spacetime into two subsystems, such that observers outside cannot
communicate the results of their measurements to observers inside, and vice

versa.

5.1 Historical overview

Einstein, Podolsky and Rosen (EPR) proposed a thought experiment [67]
to prove that quantum mechanics predicts the existence of “spooky” non-
local correlations between spatially separate parts of a quantum system, a
phenomenon that Schrodinger [68] called entanglement. Afterward, Bell [69]
derived some inequalities that can be violated in quantum mechanics but
must be satisfied by any local hidden variable model. It was Aspect [70] who
first verified in laboratory that the EPR experiment, in the version proposed

by Bohm [71], violates Bell inequalities, showing therefore that quantum
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entanglement and nonlocality are correct predictions of quantum mechanics.
A renewed interest in entanglement came from black hole physics: as sug-
gested in [72, 73], black hole entropy can be interpreted in terms of quantum
entanglement, since the horizon of a black hole divides spacetime into two
subsystems, such that observers outside cannot communicate the results of
their measurements to observers inside, and vice versa. Black hole entan-
glement entropy turns out to scale with the area A of the event horizon,
in accordance with the renowned Bekenstein-Hawking formula [4, 5, 9, 11]:
S = ﬁ, where Spp is the black hole entropy and ¢p is the Planck length.

Let us consider a spherically symmetric quantum system, composed of

two regions A and B separated by a spherical surface of radius R (Fig. 5.1).

The entanglement entropy of each part obeys an “area law”, as discussed

Figure 5.1: A quantum system composed of two parts A and B, separated
by a spherical surface of radius R.

e.g. in [74, 75] for many-body systems. This result can be justified by means
of a simple argument proposed by Srednicki in [73]. If we trace over the
field degrees of freedom located in region B, the resulting density matrix p,
depends only on the degrees of freedom inside the sphere, and the associated
von Neumann entropy is Sq = —Tr(p,Inp,). If then we trace over the
degrees of freedom in region A, we obtain an entropy Sp which depends only
on the degrees of freedom outside the sphere. It is straightforward to show

that Sy, = Sg = .9, therefore the entropy S should depend only on properties
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shared by the two regions inside and outside the sphere. The only feature
they have in common is their boundary, so it is reasonable to expect that S
depends only on the area of the boundary, A = 47 R2.

Some reviews and recent results on entanglement entropy in many-body
systems, conformal field theory and black hole physics can be found in [74,
75, 76, 77, 78].

5.2 EE in Quantum Mechanics

The area scaling of entanglement entropy has been investigated much more
in the context of quantum field theory than in quantum mechanics. In order
to bridge the gap, in this Section we study the entanglement entropy of a
quantum system composed of two separate parts (Fig. 5.1), described by
a wave function 1, which we assume invariant under scale transformations
and vanishing exponentially at infinity. In Section 5.2.2 we will show that
the entropy S of both parts of our system is bounded by S < né, where n
is a numerical constant related to the dimensionless parameter A appearing
in the wave function 1. This result, obtained at the leading order in A, is
in accordance with the so-called holographic bound on the entropy S of an
arbitrary system [7, 21, 22]: S < é, where A is the area of any surface
enclosing the system.

In this Section we present the main features of our approach, focusing
in particular on the properties of entanglement entropy and on the form of
the wave function describing the system. We also calculate analytically the
bound on entanglement entropy. Finally, we summarize both the limits and

the goals of our approach.

5.2.1 A simple quantum system

Let us suppose that a quantum system consists of two parts, A and B, which

have previously been in contact but are no longer interacting. The variables
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o, r describing the system are subjected to the following constraints (see Fig.

5.1):
0<o<R region A
r>R region B,

where R is the radius of the spherical surface separating the two regions. It

is convenient to introduce two dimensionless variables
r ==, y=—= (5.1)

subjected to the constraints 0 < x <1 and y > 1.
In the following we will assume that the system is spherically symmetric, in
order to treat the problem as one-dimensional in each region A and B, with

all physical properties depending only on the radial distance from the origin.

Von Neumann entropy

Let ¥ (z, y) be a generic wave function describing the system in Fig. 5.1,
composed of two parts A and B.
As discussed e.g. in [13, 79], we can provide a description of all mesauraments

in region A through the so-called density matriz p ,(z, '):
pala, ) = [ dyula o v), (52)
B

where d3y is related to the volume element d3r in B through the relation
d*r = R3d®y, with d®y = y?sin 0d0 d¢ dy in spherical coordinates.
Similarly, experiments performed in B are described by the density matrix
Py, y'):
pe(y, y') = / Er (2, y)(e, y), (5.3)
A

where d3z is related to the volume element d®p in A through the relation
d3o = R*d3x, with d®>z = 22 sin 0df d¢ dx in spherical coordinates.

Notice that p, is calculated tracing out the exterior variables y, whereas p,
is evaluated tracing out the interior variables x.

Density matrices have the following properties:
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1. Trp =1 (total probability equal to 1)
2. p=p' (hermiticity)
3. p; > 0 (all eigenvalues are positive or zero).

When only one eigenvalue of p is nonzero, the nonvanishing eigenvalue is
equal to 1 by virtue of the trace condition on p. This case occurs only if the

wave function can be factorized into an uncorrelated product

¢($> y) = ¢A (.T) ' ¢B (y) : (54)

States that admit a wave function are called “pure” states, as distinct
from “mixed” states, which are described by a density matrix. A quantitative
measure of the departure from a pure state is provided by the so-called von
Neumann entropy

S = —-Tr(plogp). (5.5)

S is zero if and only if the wave function is an uncorrelated product.

The von Neumann entropy is a measure of the degree of entanglement be-
tween the two parts A and B of the system, therefore it is called entanglement
entropy.

When the two subsystems A and B are each the complement of the other, en-
tanglement entropy can be calculated by tracing out the variables associated

to region A or equivalently to region B, since it turns out to be S, = .5,,.

Wave function

As already said, the spherical region A in Fig. 5.1 is part of a larger closed
system AU B, described by a wave function ¢ (z, y), where x denotes the set
of coordinates in A and y the coordinates in B.

We will exploit for ¢ the following analytic form:

U(x, y) = Ce M, (5.6)
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where C' is the normalization constant and A is a dimensionless parameter,
that we assume much greater than unity (A > 1).
If the system is in a bound state due to a central potential, the complete wave
function zﬂ should contain an angular part expressed by spherical harmonics
Yim(0, ¢):

D, i 0, 9) = CYin(8, 9) (. y)

where C' is the normalization constant. If the angular momentum is zero, the
angular component of the wave function reduces to a constant Yyo(0, ¢) =
1/ \/ZE, which can be included in the overall normalization constant C' =
C'//4w appearing in the expression (5.6) of the wave function .

In order to justify the form (5.6) of the wave function %, let us list the

main properties it satisfies.
1) ¢ depends on both sets of variables z, y defined in the two separate regions

A and B, but it is not factorizable in the product (5.4) of two distinct parts

depending only on one variable:

1/)([[’, y) 7é ¢A(x) ’ 77Z)B(y) :

This assumption guarantees that the entanglement entropy of the system is

not identically zero.

2) 1 depends on the variables x, y through their ratio y/x, hence it is in-

variant under scale transformations:

r — pxr and y — py, with g constant.

3) 1 has the asymptotic form of an exponential decay.

The last ansatz on v is equivalent to consider the quantum state of a central
potential vanishing at infinity, with negative energy eigenvalues. The asymp-
totic form of the radial part f(r) of the wave function describing this state
is

f(r)=Cu e =C e, (5.7)
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where r — o0 is the radial distance from the origin, C', is the normalization
constant and y = r/R. In particular, we could consider a particle with mass
m and negative energy F, in a bound state due to a central potential going
to zero as r — oo. In this case, the asymptotic form of the Schrodinger

equation, in spherical coordinates, is given by

di;;(;) =r%f(r), with k= 7‘2:@ . (5.8)

Apart from the normalization constant, f(r) coincides with the restriction
Y, (y) of the wave function ¢(x, y) to the exterior region B, as seen by an
inner observer localized for instance at = 1, i.e. on the boundary between

the two regions:
Vuly) = (x, y)l,oy = Ce . (5.9)

By comparing the asymptotic behaviour of the wave functions (5.7) and (5.9)
as y — 0o, we find:
/\:vﬁ, with v =k/p, (5.10)
lp
where the Planck length £p = (AG/c®)'/? has been introduced to make the
parameter v dimensionless, without any further physical meaning in this
context. In Section 5.2.2 we will assume A > 1, which is always true in a
system with R sufficiently larger than /p, as it easily follows from Eq. (5.10).
If the inner observer is not localized on the boundary but in a fixed point xg
inside the spherical region (with 0 < 2y < 1), then the expression (5.10) of A
has to be multiplied by xg.
Notice that the dependence of A on the radius R of the boundary has been
derived by imposing an asymptotic form on the wave function ¥(x, y) as
y — 00, with respect to a fixed point z ~ 1 inside the spherical region of the
system in Fig. 5.1.
In Section 5.2.2 we will show that the entropy of both parts of our system
depends on A\? ~ R?/(% ie. on the area of the spherical boundary. The

area scaling of the entanglement entropy is, essentially, a consequence of
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the nonlocality of the wavefunction ¢ (z, y), which establishes a correlation

between points inside (z ~ 1) and outside (y — oo0) the boundary.

5.2.2 Analytic results

We normalize the wave function (5.6) by means of the condition

/A & / ay (o, y)le, y) =1,

with d®z = 2?sin0df d¢ dr and d®y = y?sin0df d¢ dy in spherical coordi-
nates. Under the assumption A > 1, the normalization constant C' turns out
to be
o
C~2\—. (5.11)
47
Let us focus on the interior region A represented in Fig. 5.1. We calculate
the density matrix p,(z, 2') by tracing out the variables y related to the

subsystem B, as expressed in Eq. (5.2):

pa(w, a) = /lﬁyw%xw»w@cy>

C? zx' L ess
S v (512

Q

where we have assumed A > 1.
It is easy to verify that the density matrix p, (z, 2’) satisfies all properties

listed in Section 5.2.1:

1. Total probability equal to 1:

/depA(x, r)=1<=Tr(p,) =1.

A
2. Hermiticity:

palx, ') =pi(a, 2) <= p, = pi.
3. All eigenvalues are positive or zero:

p(x, 2y >0 Va2 €(0,1) = (pA)j >0.
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The entanglement entropy (5.5) can be expressed in the form

Sy = — / &z p (z, 7)loglp, (z, 7). (5.13)

A

Substituting the expression (5.12) of p, (z, 2’), with 2’ = z, we find:

2 2
Sa =~ 47?07 /A dPxe M7 [/\ — glog <47TCT %)] .

We can maximize the previous integral by means of the condition
e NT < et Ve (0,1).
The entanglement entropy S4 turns out to be bounded by
Su5 (ancte [T Hatog (1x) 4]},
with a = £ and b = —g5(1 + 4log 2).
By inserting the expression (5.11) of the normalization constant C', we obtain

Sa < %)\2 {1 - 1—)\2[a10g()\/7r) —i—b]} .

If we neglect the subleading terms in A > 1 and substitute A = v R/{p, as
given in Eq. (5.10), we finally find:
A 1
<n—- ith n=-—17° 14

where A = 47 R? is the area of the spherical boundary in Fig. 5.1. The

A
o

introduced in [21, 22], and shows that the entanglement entropy of both parts

result (5.14) is in accordance with the holographic bound on entropy S <

of our composite system obeys an “area law”, as discussed e.g. in [74, 75| for
many-body systems.

For a particle with energy E and mass m, satisfying the asymptotic form
(5.8) of the Schrodinger equation, we can express the parameter 1 in the

form
2 m|E]
31 mAe?’

(5.15)

29



where we have combined Eqs. (5.8), (5.10), (5.14) and have introduced, for

/2 Under the assump-

dimensional reasons, the Planck mass mp = (fic/G)
tions |E| < mpc® and m < mp, we obtain n < 1, therefore in this case
the bound (5.14) on entropy is much stronger than the holographic bound
A

S < iz

All calculations performed in this Section can be repeated focusing on
the exterior region B represented in Fig. 5.1. By tracing out the interior
variables z, as in Eq. (5.3), the density matrix p,(y, ¥') turns out to be

poln ) = [ Erv e i)

A
C? e~ MNv+y")

7'('_7
A y+y

Q

: (5.16)

where we have substituted the expression (5.6) of the wave function ¢ and
have applied the usual assumption A > 1.
Analogously to Eq. (5.13), the entanglement entropy is given by the integral

Sp = —/ &y p,(y, y)loglp, (y, v)] - (5.17)

The numerical evaluation of the previous integral confirms that the entropy
bound calculated tracing out the interior variables x coincides, under the
assumption A > 1, with the entropy bound evaluated tracing out the exterior

variables y, i.e. S4 = Sp.

In this Chapter we have proposed a simple approach to the calculation
of the entanglement entropy of a spherically symmetric quantum system.
The result obtained in Eq. (5.14), Sa < 7 é, is in accordance with the
holographic bound on entropy introduced in [21, 22] and with the “area law”
discussed e.g. in [74, 75]. Our result, in fact, shows that the entanglement
entropy of both parts of the system in Fig. 5.1 depends only on the area of
the boundary that separates the two regions.

The area scaling of the entanglement entropy is a consequence of the non-

locality of the wave function, which relates the points inside the boundary
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with those outside. In particular, we have derived the area law for entropy by
imposing an asymptotic behaviour on the wave function ¢ (zx, y) as y — oo,
with respect to a fixed point z ~ 1 inside the interior region.

The main limit of our model is that we have considered only one particular
form of the wave function 1. However, more general forms of ¢ might be
considered, hopefully, in future developments of the model. Let us finally
stress that our results are valid at the leading order in the dimensionless
parameter A > 1 appearing in the wave function v of the system.

The treatment presented in this Chapter for the entanglement entropy
of a quantum system is an extremely simplified model, but the accordance
of our result with the holographic bound and with the area scaling of the
entanglement entropy indicates that we have isolated the essential physics of

the problem in spite of all simplifications.

5.3 EE in Quantum Field Theory

In Quantum Field Theory it has been shown that the main contribution to
the entanglement entropy of a black hole comes from correlations among
degrees of freedom very close to the horizon, and does not involve “bulk”
degrees of freedom, as discussed e.g. in [12]. The coefficient of this entropy,
on the other hand, is infinite and must be cut off, leading to an expression
that depends strongly on both the nongravitational content of the theory
(the number and species of “entangled” fields contributing to the entropy)
and the value of the cutoff.
In relativistic quantum field theory there are in principle an infinite number
of degrees of freedom per unit volume, and questions arise whether they can
come into equilibrium in a finite time [80].

Ultraviolet divergences can arise from the short-distance behavior of the
theory, therefore it is not obvious that entanglement entropy is a directly

physically meaningful quantity. It turns out that entanglement entropy ac-
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tually diverges in the absence of an ultraviolet cutoff. The essential physics
responsible for the diverging quantum corrections to the entropy is the exis-
tence of strong correlations between points just inside and just outside the
event horizon.

We now follow the discussion in [80], where the case of a conformal field
theory in (141) dimensions is considered, for simplicity.
Introducing an infrared cutoff A, we take our universe to be C = [0, A[, with
periodic boundary conditions defining the region outside C. The subsystem
where measurements are performed is Ry = [0, X[. The degrees of freedom
in the region Ry = [, A[ are to be traced over. Entanglement entropy turns
out to be infinite, because the problem as defined so far has no ultraviolet
cutoff. Therefore localized excitations arbitrarily near the boundaries of the
subsystem can correlate the subsystem with the rest of the universe, and they
contribute arbitrarily much to the entropy. To regulate this, we introduce a
smearing at the ends of the subsystem. Specifically, we take the ends to be at
+e; and at X+ €,, instead of at 0 and at X. Here ¢;, with ¢ = 1, 2, are coarse
graining parameters that parameterize how well the observer distinguishes
the subsystem from the rest of the universe. The microscopic entropy grows
as €; becomes smaller and it diverges logarithmically as ¢; — 0.

The density matrix describing the subsystem on R, after tracing over the

variables on Ry is [80]

PXX = /DY‘IIXY‘II;'X/, (518)

where the wave function of the system is

Tyy / Dee @) (5.19)

Here ¢ denotes a complete collection of local fields on our theory and X, Y
are ordinary c-number functions. We take ¢ = X on Ry and ¢ =Y on R,.

Inserting (5.19) in (5.18) and normalizing we find

1
pxxt =7 /D¢€—S(¢)7 (5.20)
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where Z; is the partition function on a torus, determined by the condition
Trp = 1. The entropy corresponding to the density matrix (5.20) is calculated

using the replica trick

S=-Trplnp=— ((%Trp” (5.21)

n=1
We first evaluate Tr p”, differentiate it with respecto to n and finally take
the limit n — 1 (p is normalized such that Trp = 1).

Trp™ can be computed in terms of the path-integral on an n-sheeted Riemann
surface R,,:

1 Z,

Trp" = — | Dge 3@ =22 5.22
=g ¢ 7. (5.22)
where Z,, is the partition function on a space obtained by gluing n copies of

the original spaces, as discussed in [76, 77].

The same modes that cause the entanglement entropy S to diverge also
give divergent contributions to the renormalization of Newton constant G,
and it has been suggested that the two divergences may compensate. This
notion has recently gained new life with a proposal by Ryu and Takayanagi
[77] for a “holographic” description of the entanglement entropy through the
AdS/CFT correspondence. The bulk anti-de Sitter metric provides a natural
cutoff and yields finite contributions to both S and G, allowing to correctly

reproduce the standard Bekenstein-Hawking entropy.
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Chapter 6

Holographic entanglement
entropy

In this Chapter we investigate quantum entanglement of gravitational con-
figurations in 3D AdS gravity using the AdS/CFT correspondence [81]. We
derive explicit formulas for the holographic entanglement entropy (EE) of
the BTZ black hole, conical singularities and regularized AdS;. The leading
term in the large temperature expansion of the holographic EE of the BTZ
black hole reproduces exactly its Bekenstein-Hawking entropy Spp, whereas

the subleading term behaves as In Spy.

6.1 Outline of the framework

At low energies any quantum theory of gravity must allow for the classical
space-time description of general relativity. Low-energy gravity is a macro-
scopic phenomena that, at least to some extent, should be described with-
out detailed knowledge of the fundamental microscopic theory that holds
at Planckian scales. From this point of view a gravitational system is not
very different from a condensed matter system, whose macroscopical be-
havior allows for an effective description in terms of low-energy degrees of
freedom. A strong evidence that this may work also for gravity is repre-

sented by the microscopic interpretation of the black hole entropy: in a
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number of cases the Bekenstein-Hawking black hole entropy could be re-
produced as Gibbs entropy, without detailed information about the un-
derlying microscopical description of quantum gravity degrees of freedom
[16, 18, 20, 49, 57, 82, 83, 84, 85].

A feature of many-body systems, which can be used to gain information
about macroscopic collective effects, is quantum entanglement.

Quantum entanglement gives a measure of spatial correlations between
parts of the system and it is measured by the entanglement entropy (EE).
In the last years the notion of EE has been used with success as a tool for
understanding quantum phases of matter, but its application to gravitational
systems remains problematic [86, 87, 88, 89, 90, 91, 92, 93].

The semiclassical EE of quantum matter fields in a classical gravitational
background (e.g. a black hole) is not universal (it depends on the number
of matter fields species) and it is not clear if it can be extended to the
quantum phase of gravity [94, 95]. The very notion of EE for pure quantum
gravity is not easy to define. The main obstruction comes from the fact that
in the usual Euclidean quantum gravity formulation the metric, except its
boundary value, cannot be fixed a priori (see e.g. Ref. [96]), whereas the
usual, flat-space notion of EE requires to fix lengths in bulk spacelike regions.
A remarkable exception is represented by 2D AdS gravity. In 2D black hole
entropy can be ascribed to quantum entanglement if Newton constant is
wholly induced by quantum fluctuations [97, 98]. This fact allows a simple
derivation of the EE of 2D AdS black hole [99, 100].

A possible way out of these difficulties is to consider gravity theories
with conformal field theory (CFT) duals (see e.g. [27]). The advantage of
considering this kind of theories is twofold: 1) One can define the EE of a
gravity configuration in terms of the EE of a field theory in which spacetime
geometry is not dynamic; 2) At least for CFTs in two dimensions explicit and
simple formulas for the EE are known [80, 101, 102]. The main drawback
of this approach is related to the fact that the gravity/CFT correspondence
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is holographic (usually it takes the form of an AdS/CFT correspondence).
Spatial correlations in the bulk gravity theory are codified in a highly nonlocal
way in the correlations of the boundary CFT. This is particularly evident in
the so-called UV/IR relation that relates large distances on AdS space with
the short distances behavior of the boundary CFT [35, 36].

Because of this difficulty the AdS/CFT correspondence has been only
partially fruitful for understanding the EE of gravitational configurations, in
particular of black holes. Some progress in this direction has been achieved
in the general case in Ref. [103, 104, 105] and for the 2D case in Ref. [99, 100,
106]. Strangely enough, the AdS/CFT correspondence has been used with
much more success in the reversed way, i.e. to compute the EE of boundary

CFTs in terms of bulk geometrical quantities [107, 108, 109, 110, 111, 112].

In this Chapter we will investigate quantum entanglement in the context
of three-dimensional (3D) AdS gravity, in particular the Banados-Teitelboim-
Zanelli (BTZ) black hole, using the AdS3;/CFT; correspondence. We will
tackle the problem using a standard method for studying correlations in
QFT: we will introduce in the boundary 2D CFT two external length-scales, a
thermal wavelength 3 = 1/T" (T is the temperature of the CFT) and a spatial
length v which is the measure of the observable spatial region of our 2D
universe. Varying # we can probe thermal correlations of the CF'T at different
energy scales, whereas varying v we can probe the spatial correlations at

different length scales.

We will show that the AdS/CFT correspondence, and in particular the
UV/IR relation, will allow us to identify in natural way  and 7 in terms of
the two fundamental bulk length scales, the horizon of the BTZ black hole r
and the AdS length ¢. This will allow us, using well-known formulas for the
EE of 2D CFTs and modular symmetry, to associate an “holographic” EE
to regularized AdSs, the BTZ black hole and AdS3 with conical singularities.
We will also show that the leading term in the EE of the BTZ black hole

can be obtained in terms of the large temperature expansion of the partition
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function of a broad class of CFTs on the torus. This strongly supports the

intrinsic semiclassical nature of the black hole EE.

6.2 Entanglement entropy of 2D CFT

Most of the progress in understanding EE in QF'T has been achieved in the
case of a 2D CFT. This is because the conformal symmetry can be used to
determine the form of the correlation functions of the theory [80, 101, 102].

Let us consider a 2D spacetime with a compact spacelike dimension of
length ¥ and with S' topology. When only a spacelike slice @ (of length ~)
of our universe is accessible for measurement, we loose information about the
degrees of freedom (DOF) localized outside in the complementary region P

and we have to trace over these DOF', as sketched in the Figure below.

> — 00

P Q, v P

The entanglement entropy originated by tracing over the unobservable DOF
is given by the von Neumann entropy Se,; = —17rgpgInpg. The reduced
density matrix pg = T'rpp is obtained by tracing the density matrix p over
states in the region P.

The resulting EE for the ground state of the 2D CFT is given by [80, 101,
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102]

€ 6 em by

where ¢ and ¢ are the central charges of the 2D CFT and e is an ultraviolet

c by
S = oy (— sin ﬂ) : (6.1)

cutoff necessary to regularize the divergence originated by the presence of a
sharp boundary separating the region P from the region Q).

Thus, Eq. (6.1) gives the EE for a CFT at zero temperature and with
a spacelike dimension with S topology, i.e. for a 2D CFT on a cylinder C,

whose timelike direction is infinite (see Figure below).

YN
N

N
N ¢ S

For ¥ > 7 the compact spacelike dimension becomes also infinite and

the EE is independent of 3., as sketched in the following Figure.

_—

t

Eq. (6.1) gives the EE for a 2D CFT at zero temperature on the plane
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P [0, 101, 102 )
s _ ey (2). (6.2)

ent 6 €
We can also consider a 2D CFT at finite temperature 7" = 1/ and a

noncompact spacelike dimension (see Figure below).

Y
N

Y
Nt S

When only a spacelike slice of length « is accessible to measurement,

the EE turns out to be that of a 2D CFT on a cylinder C', whose spacelike

direction is infinite [101]:

59 = et Eln <£ sinh %) . (6.3)

"
en 6 €T

It is important to stress that the cylinder C' can be obtained as the limiting
case of a torus 7 ((3,7) with cycles of length 3, v, when v > (. In Sect. IX
we will use this feature to relate the thermal entropy of a CFT on a torus

with the EE of a CFT on the cylinder C.

6.3 AdS; gravity and AdS3;/CFT; correspon-
dence

The EE of a QFT gives information about the spatial correlations of the the-
ory. It follows that the EE of a 2D CFT, which is the holographical dual of 3D

gravity, should contain information about bulk quantum gravity correlations.
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The most important example in this context is given by the correspondence
between 3D AdS gravity and 2D CFT (AdS;/CFT,). Classical, pure AdSs
gravity is described by the action

[, 2
A_167rG/d$<R+€2)’ (6.4)

where ¢ is the de Sitter length and G is the 3D Newton constant. The exact

form of the 2D CFT dual to 3D AdS gravity still remains a controversial
point [45, 54, 55]. However, in the large N (central charge ¢ > 1) regime,
i.e. in region of validity of the gravity description, we know that the dual
CFT has central charge [48]

3¢

el (6.5)

c=cCc=

AdS; classical gravity allows for three kinds of configurations. These solu-
tions of the action (6.4) can be classified in terms of orbits (elliptic, hyper-
bolic, parabolic) of the SL(2, R) group manifold [42, 43, 45]. The solutions

corresponding to elliptic orbits can be written as

ds® = —%2 (P2 +r2) di® + (P2 +02) 7 Cdr? + ;—zdgb, (6.6)
ry is a constant. The corresponding 3D FEuclidean space has a contractible
cycle in the spatial, ¢-direction . For generic values of r, we have therefore
a conical singularity in this direction. Only for r, = ¢ the conical singularity
disappears and the manifold becomes nonsingular 3D AdS space at finite
temperature 1/5. The conformal boundary of the 3D spacetime is a torus
with cycles of length 3 and 27¢. Correspondingly, the dual CFT will live in
the torus 7 (3, 2n¢). The CFT on the cylinder C discussed in Sect. II can be
obtained in the limit S > ¢. This corresponds to consider —oo < t < oo and

The classical solutions of 3D gravity corresponding to hyperbolic orbits
of SL(2, R) are

1 B 2
ds? = =5 (P =r3) di? + (1 = 12) 7 Cdr® + dgh (6.7)
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Now the 3D Euclidean manifold has a contractible cycle in the ¢-direction.
For generic values of # and r, we have therefore a conical singularity in this
direction. Only for f = (g, where By is the inverse Hawking temperature
1 27 (>
Ty {4

Bu

, (6.8)

the conical singularity can be removed and the space describes the Euclidean
BTZ black hole. The black hole has horizon radius r, and mass and (ther-
mal) Bekenstein-Hawking (BH) entropy given by

2
ot Ay
M=gce =16~ 2 (6.9)

Also in this case the conformal boundary of the 3D spacetime is the torus with
cycles of length [y, 27 and the dual CFT will live on 7 (8y, 27¢). The CFT
on the cylinder C discussed in Sect. II can be obtained in the limit ¢ > (.
This corresponds to consider a CFT at finite dimension —oo < ¢ < oo. In
terms of the 3D bulk theory this corresponds to a macroscopical black hole
with ri > (.

The separating element between the two classes of solutions above corre-

sponds to parabolic orbits of SL(2, R),
2 Logoo 025 17,
ds® = ——=r?dt* + —=dr* + —d¢°, —oo0 <t < oco. (6.10)
r

The solution can be seen as the r, = 0 ground state of the BTZ black hole,
i.e. the M =0, Ty = 0 solution.

For r, # ¢ the solution (6.6) has a conical singularity not shielded by
an event horizon [42; 43]. The conical singularity can also be thought of as
originated by a pointlike source of mass m. In the spectrum of AdS; gravity
these solutions are located between the NS vacuum, r, = ¢, and the RR
vacuum, r; = 0. Therefore we will

Let us now briefly discuss the physical meaning of the conical singularity
spacetime (6.6). To this end, let us rescale the coordinates in Eq. (6.6):

N N L, (6.11)

)
E Ty Ty
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The metric becomes

-1
ds® = — (T—Q + 1) dt* + (ﬁ + 1) dr?® + T—quﬁ (6.12)
Iz Iz 2 ‘

The previous expression describes thermal AdSs in global coordinates but,
owing to the rescaling of the coordinates we have now I' = r /¢. The space-

time has a conical singularity originated by a deficit angle 27(1 — T') =

27(1 —ry /€) = 27(1 — 274/ Beon), where we have introduced
ﬁcon = 27T€2/7“+, (613)

as the analogous of the inverse Hawking temperature S5 to characterize the
conical singularity. In the case of solution (6.7), setting 5 = By eliminates
the conical singularity, whereas for solution (6.6) we get a regular manifold
(AdS3 at finite temperature) for S, = 27¢.

The conical singularity we have whenever (.., # 27/ represents the geo-
metric distortion generated by a pointlike particle of mass m = (1 —I")/4G.
In order to find the holographic EE of the solution (6.6), (6.7) and (6.10),
we have to discuss first the modular symmetry of the 2D CF'T dual to 3D
AdS gravity.

6.4 Entanglement entropy and the UV /IR re-
lation

As a consequence of the AdS/CFT correspondence the EE (6.1), (6.2) and
(6.3) should give information about bulk quantum gravity correlators. More
precisely, one would expect the EE in Eq. (6.1) to describe quantum corre-
lations in the presence of conical singularity (6.6) and the EE (6.3) of the
thermal CFT to describe the interplay between thermal and quantum corre-
lations in the black hole background (6.7). The main obstacle to make the
above relation precise is due to the holographic nature of the AdS/CFT cor-

respondence. Spatial correlations in the bulk gravity theory are codified in
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the boundary CFT in highly nonlocal way. Whereas the inverse temperature
[ appearing in Eq. (6.3) can be naturally identified as the inverse of the
black hole temperature (6.8), the same is not true for the parameters v and
¢ in Egs. (6.1), (6.2) and (6.3).

Owing to the holographic nature of the correspondence, the bulk interpre-
tation of these parameters requires careful investigation. The AdS,;/CFT,
correspondence indicates a way to relate length scales on the boundary with
length scales on the bulk, this is the UV /IR connection [35, 36]. Infrared ef-
fects in bulk, AdS,;, gravity correspond to ultraviolet effects in the boundary
CFT, and vice versa.

The UV/IR connection allows to identify the UV cutoff € in Eq. (6.2)
as an IR regulator of AdS3 gravity [35, 36]. This can be done in the usual
way by using the dilatation isometry of the metric (6.10) r — Ar, t — A7t
¢ — A\ 1¢. Equivalently, one can introduce “cavity coordinates” on AdSs
and show that € acts as infrared regulator of the “area” of the S! boundary
sphere [35]. In fact, the regularized radius of the S is R = ¢?/e. The same is
true in terms of the coordinate r parametrizing AdS; in the modified Poincaré
form (6.10): cutting off at length scale < € the 2D CFT implies an infrared
cutoff on the radial coordinate of AdSs, r < A |, where

iy (6.14)

€

The bulk interpretation of the parameter v in Eq. (6.2) is not as straight-
forward as that of €. v is not a simple external length scale we are using to
cut off excitations of energy < 1/7. It is the length of a localized spacelike
slice of the 2D space on which the CFT lives. On the other hand, owing
to the holographic, nonlocal nature of the bulk/boundary correspondence,
we expect that any localization of DOF in the boundary will be lost by the
correspondence with DOF on the bulk. If any localization property of the ob-
servable slice () is lost in the boundary/bulk duality, 7 can only play the role

of an upper bound above which spatial correlations for the boundary CFT
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are traced out. Because of the UV/IR connection, on AdS; this will corre-
spond to tracing out the bulk DOF at small values of the radial coordinate

r, i.e. for r < w, where

4202
w= . (6.15)
8

It is important to stress that the bulk parameter w has not the same physical
meaning of the boundary parameter v. Whereas + is the length of a spacelike
slice, which is sharply separated from the observable region (hence it needs a
UV regulator), w has the much weaker meaning of a length scale below which
spatial correlations are traced out. In particular in the AdSsz bulk there is

no sharp boundary separating observable and unobservable regions.

In the next sections we will use this meaning of v and w to interpret the EE
(6.1), (6.2) and (6.3) as holographic entanglement entropies of gravitational

configurations.

6.5 Holographic EE of regularized AdS; space-
time

The AdS/CFT correspondence and the IR/UV connection described in the
previous section allow us to give to the EE (6.2) a simple bulk interpretation:
it is the EE of regularized AdS spacetime (6.10), i.e. it gives a measure of
the von Neumann entropy that arises when an IR cutoff A is introduced and
quantum gravity correlations are traced out for r < w. Using Eqgs. (6.14)
and (6.15) into Eq. (6.2), we have S245 = £1n () (we have used ¢ = ). The
natural length scale for cutting off quantum bulk correlations is given by the
AdS length ¢: w = 27¢. This means that we are considering curvature effects

much smaller than 1/¢?. Using Eq. (6.15), this allows the identification of
the boundary parameter in terms of the AdS length /¢

v = 2md. (6.16)
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The holographic EE of the regularized AdS spacetime
c A
SAdS — zIn (?) (6.17)

has a simple geometric interpretation. Apart from a proportionality factor, it
is the (regularized) proper length of the spacelike curve t = const, ¢ = const.

This can be easily shown integrating Eq. (6.10) for £ < r < A.

6.6 Holographic entanglement entropy of the
BTZ black hole

The spinless BTZ black hole (6.7) can be considered as the thermalization
at temperature 7' = Ty of the AdS spacetime (6.10). On the 2D boundary
of the AdS spacetime, and in the above discussed large temperature limit
ry > ( , this thermalization corresponds to a plane/cylinder transformation
that maps the CFT on the plane P in the CFT on the cylinder C'. The
conformal map plane/cylinder has the (Euclidean) form given in Eq. (7.4).
One can easily check that the above transformation is the asymptotic form
of the map between the BTZ black hole and AdS; in Poincaré coordinates.
The conformal transformation (7.4) maps the EE of a CFT on the plane P
in the EE of a CFT in the cylinder C' [101], i.e. the EE of a CFT at zero
temperature in a spacetime with noncompact spacelike dimension into the
EE of a CFT at finite temperature. As a result, Eq. (6.2) is transformed
in Eq. (6.3) with 8 = [y. Correspondingly, the holographic EE of the
regularized AdS spacetime becomes the holographic EE of the BTZ black
hole

2 2
SBTZ — §CFT (o — onp 3 — B) = glni sinh % (6.18)

ent ent €ry
The entanglement entropy (6.18) still depends on the UV cutoff e. A

QBT Z
Sent

renormalized entropy can be defined by subtracting the contribution

of the vacuum (the zero mass, zero temperature BTZ black hole solution).
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In terms of the dual CFT we have to subtract the entanglement entropy of
the zero-temperature vacuum state. This is given by Eq. (6.2) with v = 27/.

The renormalized entanglement entropy is therefore given by

SBTZ _ gBTZ _ guac _ 5 I ——sinh == (6.19)

As expected the renormalized entanglement entropy vanishes for r, = 0 (the
BTZ black hole ground state).

The holographic entanglement entropy (6.19) for the BTZ black hole co-
incides exactly with the previously derived entropy for the 2D AdS black
hole [99]. The 2D AdS black hole is the dimensional reduction of the spinless
BT7Z black hole. Using the relationship between 2D and 3D Newton constant
®y = ¢/4G, Eq. (6.19) reproduces exactly the result of Ref. [99].

Macroscopic, i.e. large temperature, r, > /¢, black holes correspond, in
terms of the 2D CFT, to the thermal wavelength Sy much smaller than the
length 27¢. Expansion of Eq. (6.19) for r, /¢ > 1 gives

¢
S — 55 +0(1) = Spn — 5= nSp +0(1).  (6:20)

gg%z =
The leading term in entanglement entropy is exactly the Bekenstein-Hawking
entropy. This leading term describes the extreme situation in which thermal
fluctuations dominates completely. In this limit the entanglement entropy
is just a measure of thermodynamical entropy. The EE (the von Neumann
entropy) for the CFT becomes extensive and it agrees with the Gibbs entropy
of an isolated system of length v = 27¢. The subleading term behaves as
In Sy and describes the first corrections due to quantum entanglement.

In principle, one could also consider the regime Sy ~ 27 in which the full
quantum nature of the entanglement entropy should be evident. However,
this regime is singular from the black hole point of view: it corresponds to
the 3D analogous of the Hawking-Page phase transition [114, 115].

It is interesting to notice that the identification v = 27¢, which is crucial

for deriving Eq. (6.18), can be obtained without using the UV/IR connection,
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just assuming that in the large N limit the mass/temperature relationship
for the BTZ black hole exactly reproduces that of a thermal 2D CFT.

From Egs. (6.8), (6.9) one easily finds the mass-temperature relationship
for the BTZ black hole, o

M = WT,Z. (6.21)

On the other hand, in the large temperature limit v > ( the entanglement
entropy (6.3) reduces to the classical, extensive thermal entropy for an iso-
lated system of length ~. The energy/temperature relationship for such a 2D
CFT is given by (FEjy is the energy of the vacuum)

B—Ey=m (12 +12), (6.22)

where 7'y and 7_ are the temperatures for the right and left oscillators.
Identifying the black hole mass M with £ — E, and the temperature Ty =
T, = T_ of the CFT thermal state with the Hawking temperature of the
black hole, we easily find, comparing Eq. (6.22) with Eq. (6.21) and using
Eq. (6.5), v = 2nl.

6.6.1 Holographic EE of the rotating BTZ black hole

The derivation of the EE for the spinless BTZ black hole can be easily ex-
tended to the rotating BTZ solution,

dp 4 2
ds® = g(r)dt* + g(r)"'dr® +r° (—Z) — JGdt) : (6.23)
T
. 1
with g(r) = 5 (7 = %) (* =1%) .

where r4 are the positions of outer and inner horizons and J is the black
hole angular momentum. The thermodynamical parameters characterizing
the black hole are the mass M, the angular momentum J, the Bekenstein-
Hawking entropy Spy, the temperature Ty and the angular velocity € (act-

ing as potential for J). These parameters satisfy the first principle dM =

78



TydSpy + 2dJ and can be written in terms of r4:

r2 412 ror_ r
M t - J="2- Spy=-—" 6.24
8G2 4Ge° BT g (6-24)
1 r2 —pr? 17
Ty = R O=-—". 6.25
H 2'/T€2 < T+ ) ’ g T+ ( )

The 2D CFT dual to the rotating BTZ black hole, although characterized
by the same central charge (6.5), has different Ly Virasoro operators for the
right and left movers. The eigenvalues of these operators corresponding to a
BTZ black hole of mass M and angular momentum J are Ly = 1/2(M{ +
J), Lo = 1/2(M¢ — J). The thermal density matrix for the CFT is given
by p = exp(—0BH + BQP), where H and P are the Hamiltonian and the
momentum operators. In the canonical description of the thermal 2D CFT

this amounts to consider two different inverse temperatures
By =B01+Q)=2r(r, £r )" (6.26)

for the right and left oscillators respectively. The entanglement entropy for
the thermal 2D CFT in the cylinder C' and for a spacelike slice of length
is now given by [110]

n
ent 6 m2e2 Gy G-

The length v can be determined in the same way as for the spinless BTZ

SCFT _ £ Br sinh L sinh - (6.27)

black hole. For the thermal CFT with two different temperatures for right
and left movers we have the energy/temperature relation

B+ By — Eop — Bo = 57y (T3 +T2) (6.28)

Using Eq. (6.26) into Eq. (6.28) and comparing it with the black hole mass
(6.24), we obtain easily v = 2w¢. As for the spinless case, we renormalize the
entanglement entropy by subtracting the contribution to the vacuum coming

from the left and right movers S = ¢/6(In(27¢/€) +1n(27¢/€)). Putting all

vac
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together, we get the renormalized entropy

Sent = i In £ X
BTz — 4@ w2 (ry +r_)(ry —r)
« sinh T+ 2“ =) iy 7T a )] (6.29)

Expanding the previous expression for r, > ¢ and r, > r_ we get

~ T ¢ 7r 14
Shrz = YL 1112—5 +O(1) = Spr — bYel In Spy + O(1).  (6.30)

6.7 Holographic entanglement entropy of con-
ical singularities

Let us now consider the classical solution of 3D AdS gravity given by Eq.
(6.6), which describes 3D AdS spacetime with conical singularities. As ex-
plained in Sect. IV, solution (6.6) can be locally obtained applying a diffeo-
morphism to the AdS spacetime (6.10). This transformation is the “space-
like” counterpart of “thermalization” mapping the metric (6.10) into the BTZ
black hole. On the 2D conformal boundary of the 3D AdS spacetime this
transformation is described by the map
(t —ig)
3
where (3 is easily determined by first applying the transformation (7.7) map-
ping full AdS; into (6.10) and then using the rescaling (6.11): 8 = Seon,
where (.., is given by Eq. (6.13). In the limit 5., > 27 (i.e. £ > ry) the

Z = exp (6.31)

map (6.31) corresponds to a plane/cylinder transformation that maps the
CFT on the plane P on the CFT on the cylinder C. Thus, this conformal
transformation maps the EE of a CF'T on the plane P in the EE of a CFT in
the cylinder C [101], i.e. the EE of a CFT at zero temperature and noncom-
pact spacelike dimension given by Eq. (6.2) into the EE of a CFT at zero
temperature with a compact spacelike dimension given by Eq. (6.1). Cor-

respondingly, the holographic EE of the regularized AdS spacetime becomes
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the holographic EE associated to AdS3 with a conical singularity

con c ﬂcon . 2'/T2€ C 262 LT
Sent = gln e Sm 660“ = glﬂaSln 7+ (632)

Eq. (6.32) can be considered as the analytic continuation ry — iry of
Eq. (6.18). The holographic entanglement entropy of a conical singularity
described by a deficit angle 27w (1 — 27/ (,,,) is the analytic continuation of
the holographic EE for the BTZ black hole with inverse temperature Gy =
Beon- The analytic continuation corresponds to the exchange of the (compact)
timelike with the spacelike direction. This result is a consequence of the
modular symmetry (7.11) of the boundary CFT on the torus relating the
BT7Z solution and the conical singularity spacetime. In the limit r, > ¢ the
boundary torus corresponding to the BTZ black hole can be approximated by
the infinitely long (along the spacelike direction) cylinder C'. The modular
transformation (7.11) maps the cylinder C' into the cylinder C, which has
infinitely long direction along the timelike direction and approximates the
torus for £ > r,. Correspondingly the EE for the BTZ black hole (6.18) is
transformed in the EE for the conical singularity (6.32).
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Chapter 7

Thermal entropy of a CFT on
the torus

In this Chapter we show that the leading term of the holographic EE for
the BTZ black hole can be obtained from the large temperature expansion
of the partition function of a broad class of 2D CFTs on the torus [81].
This result indicates that black hole EE is not a fundamental feature of the
underlying theory of quantum gravity but emerges when the semiclassical
notion of spacetime geometry is used to describe the black hole.

A sketch of the relation investigated in this Chapter between entangle-
ment entropy and thermal entropy of a BTZ black in the limit of large tem-

perature is represented in the Figure below.

Thermal entropy of a CFT,

on the boundary torus 7

| AdS3/CFT,

Entropy of the BTZ black hole =

entropy of a thermal AdS3 configuration

aunesedws) ob e 1

Large temperature Y AdS3/CFT,

Entanglement entropy of a

CFT; on the cylinder C
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7.1 Modular Invariance

It is well known that the partition function of a 2D CFT on the complex
torus has to be invariant for transformation of the modular group PSL(2, Z)

ar +b
et +d’

T —

(7.1)

where a, b, ¢, d are integers satisfying ad — bc = 1, 7 = ws/wy is the modular
parameter of the torus and w; o are the periods of the torus. For simplicity
we will take w; = Y real and ws = i3 purely imaginary. We are mainly
interested in the modular transformation of the torus

1
——. 2
2 (72)

3D spaces which are asymptotically AdS are locally equivalent. The asymp-
totic form of the coordinate transformations mapping the various spaces can
be used to map one into the other the tori describing the associated confor-
mal boundaries. For our discussion the relevant elements are the Fuclidean
BTZ black hole at Hawking temperature 1/Gy, AdS3 space with deficit an-
gle 2m(1 — 27l/Beon) and AdS; at finite temperature 1/Gy. It will turn out
that boundary tori associated with these three spaces are related by modular
transformations of the torus.

Let us briefly review the well-known duality between the BTZ black hole
and AdS;3 at finite temperature [27, 113]. To this purpose, we use the fact
that the Euclidean BTZ solution (6.7) with periodicity t ~ t+8y, ¢ ~ ¢p+27n/

can be mapped by a diffeomorphism into AdS3 in Poincaré coordinates

ds® = % (dy* + dzdz) (7.3)
where z is a complex coordinate.
In the asymptotic r — oo (x — 0) region the map between the BTZ black
hole and AdSs in Poincaré coordinates is
27

Bu
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In order to have a natural periodicity, we introduce a new complex variable
w

z = exp(—2miw), (7.5)

so that w = (=t + i¢)/Br. One can now easily realize that the asymptotic
conformal boundary of the BTZ black hole is a complex torus with metric
ds®> = dwdw. The periodicity of the imaginary (ws) and real (w;) part of
w are determined by the periodicity of ¢, ¢: wy = 27il/fBy, w; = 1. The
modular parameter Tprz = wq/wy of the torus is therefore
2mil

T

Consider now Euclidean AdSs at finite temperature, described by the metric

(6.12) with the periodicity ¢t ~ t 4+ g and ¢ ~ ¢ + 2ml. The r — oo

(7.6)

TBTZ =

asymptotic form of the map between AdS; at finite temperature and AdSs
in Poincaré coordinates is

(t —i¢)
/ )

Z = exp (7.7)

whereas the coordinate w of Eq. (7.5) is now w = 5(¢ + it). The complex
coordinate w has now periodicity wy = 1, wy = iy /27¢. The boundary of
thermal AdSs is a torus with modular parameter

TAdS = % (7.8)
Hence the boundary torus of the BTZ black hole and that of thermal AdS;
are related by the modular transformation

1

TBTZ

TAdS = — (7.9)

Passing to consider the Euclidean solution with the conical singularity
(6.6), we note that it is related to AdS; just by the rescaling (6.11). This
changes the periodicity of the coordinates, which becomes t ~ t+27f, ¢ ~ ¢+
47%0? / Beon. Because the coordinate transformation mapping the boundary

torus of conical singularity space into the boundary torus of AdS3 has the
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same form given by Eq. (7.7), it follows that the periodicity of the coordinate
w is now wy = 270/ Beon, we = i. If we set [, = By the periodicity of the

two tori are related by

7 7
con __ con __
W' = —s, Wi = —wéds. (7.10)

The boundary torus of Euclidean AdS; with conical singularity characterized
by the deficit angle 27 (1 —27¢/Fy) has the same modular parameter as that
of AdS; at temperature 1/5y. Notice that although the two manifolds have
the same topology and the same boundary torus, they describe different
three-geometries. The first is a singular one, whereas the latter is a perfectly
well-behaved geometry. For this reason, one usually does not include AdS;
with conical singularities in the physical spectrum of the theory.

Because T.on, = Tags, from Eq. (7.9) it follows immediately that, the
boundary tori of AdS; with conical defect 27(1 — 27¢/3y) and that of the
BTZ black hole at inverse temperature S5 are related by the modular trans-
formation

1
Teon = — (7.11)

TBTZ

7.2 Entanglement entropy vs thermal entropy

In the previous sections we have discussed the holographic EE of gravitational
configurations in 3D AdS spacetime. In our approach the entanglement en-
tropy of the boundary CFT, SCE7 (v, 3), is used to probe thermal correlations
at scales set by 3 and spatial correlations at scales set by . The bulk de-
scription depends crucially on the regime of the AdS3/CFT, correspondence
we want to investigate.

First of all, we work in the region of validity of the gravity description of

the AdS/CFT correspondence, when the AdS length is much larger than the
Planck length, that is in the large N approximation:

l
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where G is the 3D Newton constant.

Moreover, considering curvature effects much smaller than the curvature
of the AdS spacetime 1/¢? allows the identification of the external parame-
ter v in terms of . On the other hand, the thermal scale # can be easily
identified, when a black hole is present in the bulk: 8 = By = 1/Ty. The
semiclassical description for black holes holds when the horizon radius is
much larger than the Planck length, r, > G, whereas the holographic EE
formula (6.19) holds for r; > ¢. We are in the regime where we are allowed
to approximate the boundary torus with the cylinder C. The path integral of
Euclidean quantum gravity on AdSs is dominated by the contribution com-
ing from the BTZ black hole at T'= Ty. The leading term in the EE (6.20)
describes the main (thermal) contribution of the BTZ geometry and corre-
sponds to the entanglement entropy for the CF'T dominated completely by
thermal correlations. When we increase the energy scale, we reach a regime
for which contributions coming from geometries different from the BTZ in-
stanton cannot be neglected. Quantum entanglement and the subleading

term in Eq. (6.20) become relevant.

The other regime we have investigated so far is ¢ > r,, which is related
to the previous one by the modular transformation (7.11). The Euclidean
quantum gravity partition function for 3D AdS gravity is now dominated
by AdS; at temperature Tp. Although the solutions (6.6) describe singular
geometries with conical singularities - therefore they cannot be part of the
physical spectrum of the theory - the modular symmetry strongly indicates
that they can be used to probe quantum entanglement. In this regime the
boundary torus can be described by the cylinder C and the EE is given by
Eq. (6.32).

One may now wonder about the regime r, ~ ¢. In this parameter region
we cannot approximate the torus with an infinitely long cylinder. r, =
¢ is the fixed point of the modular transformations (7.9), (7.11) and we

have a large N phase transition, which is the 3D analogue of the Hawking-
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Page transition [27]. Because now the dual boundary CFT lives in the torus
T (B, 2wl), our calculations of the EE on the cylinder loose their validity.
Furthermore, it is not a priori evident that the very notion of EE would
maintain a sensible physical meaning in a regime where the semiclassical
description of gravity is expected to fail.

The most direct way to learn something about the relationship between
the two regimes r, ~ ¢ and r, > ( is to compare the ¢ > 3 asymptotic
behavior of the thermal entropy S, (5, ¢), derived from the partition function
of the dual CFT on the torus, with the EE given by Eq. (6.19). Unfortu-
nately, whereas the EE for a 2D CFT on a cylinder has an universal form,
the thermal entropy Sy, (3, ) for the CFT on the torus takes different form
depending on the details of the CFT we are dealing with !.

Here we will use a simple, albeit not completely general, approach to this
problem. We will show that for the most common 2D CFTs (free bosons, free
fermions, minimal models and Wess-Zumino-Witten models) the asymptotic,
large temperature ¢ > (3 behavior of Sy, (3, ¢) calculated from the partition
function of the CF'T on the torus reproduces exactly the leading term of the
EE (6.19) for the BTZ black hole.

The partition function of the CFT on the torus, Z(7), is a function of the
modular parameter 7 = i3/2m¢. Moreover, we will make use of the modular
invariance of the partition function under the modular transformation (7.2) to
write Z(7) = Z(—1/7). From the partition function one can easily compute

the thermal entropy

Sy, = log Z — $03(log Z) . (7.13)
We are interested in the asymptotic expansion of Sy, in terms of the
variable ,
2wl
y = sinh ( ; ) ) (7.14)

when y — oo. The asymptotic form of St(;:s) (y) is determined by first writing

IDespite the intense activity on the subject in the last decade, the exact form of the
2D CFT dual to pure 3D AdS gravity remains still a controversial point [45, 54, 55].
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Z as a function of the usual variable ¢ = exp (2mi7). After making use of the
modular invariance of the partition function under the modular transforma-
tion (7.2), we will introduce the new variable § = q(—1/7) = exp (—2mi/T)
and determine the § — 0 asymptotic expansion of Z(§). Finally, we will

determine S (y) by making use of the y — oo asymptotic expansion

1 1
= —_ — . 1
q 4y2+0(y4) (7.15)

7.3 Asymptotic form of the partition func-
tion

In this Section we derive in detail the results, for the four cases under consid-
eration, of our calculation of the partition functions, which will be exploited
in the next Section to compute the thermal entropy in the large temperature
limit.

At large temperature the partition functions of all models have the same
asymptotic form. Notice that for free bosons and fermions on the torus we

also find a further factor, providing a subleading contribution to the entropy.

7.3.1 Free bosons on the torus

The partition function for free bosons on the torus is [2§]

Z(r) = (Im7) "% |n(7)| 7%, (7.16)
with
1
T:i% and ﬁ:T. (7.17)

Under the modular transformation 7 — —% it turns out to be

Z(r) = Z(=1/7) = {Im(=1/7)} 2 [n(=1/7)| >
Let us introduce now the variable

q(t) =€, (7.18)



which transforms, under 7 — —%, into the variable
G=q(—1/7) = e /7 (7.19)

By computing the logarithm of ¢, we find

127 1 ) .
logj=—— = —— = ——loggq,
T T 27
from which it follows
Im(—1/7) = ——1logq

n(r)=qx [J(1— ¢ (7.20)
becomes, as 7 — —%,

n(=1/m) =g [ [ -3q"). (7.21)
The partition function can be factorized in the following way:

(1) = Z(=1T) = Ziating(“V/T) * Lo (Z1/T) (7.22)

with N
Zleading(_l/,r) ’ ( 1/7— ’ % = q % H % * (723)
and c
e 1 2\ 2
Dy U7) = (-t} = (<pton) T ()
In this Section we compute the contribution to the entropy provided by

bosons ®

Sbosons - ]'Og Zbosons - /8818 (]'Og Zbosons) ° (725)

The logarithm of Z is

bosons
c . cC
logZ, .= ~3 log(—log q) + 3 log 27,
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from which we find

Cc

ﬁaﬁ (1Og Zbo,son.s) = —Cj 1Og qv afj(log Zbo.sons) - 5 :

The contribution to the entropy provided by Z is therefore

bosons

Sbosons = _g log(_ log Q) + ConSt . (726)

As regards the factor Z, , it is straightforward to check that its asymptotic

eading

form as T' — oo, and hence ¢ — 0, is:

Zleading(_]'/T) - Aqiﬁ (1 - q)a |:]' + 0(62)} Y (727)
with A =1 and a = —2¢. As we compute in the next Section, the entropy
corresponding to Z, . - is:

c

S ading = ~5 log G + const — aglog G+ O(q) (7.28)
with @ = —2¢. In order to verify if the leading contribution to entropy is
either S, or S, .. . let us compute the limit of their ratio as ¢ — 0:

S log(— log ¢
1~1H1 bosons — llm Og( O,vg q) — 0,
q—>0 leading q—>0 ]'Og q

therefore S

leading 18 the leading contribution as T — oo.

7.3.2 Free fermions on the torus

The partition function for free fermions on the torus is [28]

L 16,()
Z(1) = ! , (7.29)
; n(7)
where we have introduced the theta functions
bo(7) = 2¢5 [J(1—q")(1+q")?,
n=1
O5(r) = JJ(1—a"@+q"2)°,
n=1
0u(1) = JJ1—a)1—q"2)% (7.30)
n=1



By substituting the expressions of ;(7), with i = 2, 3, 4, we find

o0 2c > 2c
Z(r) = {2611*12 [T+ Q”)Q} + {q‘i [Ja+ Q”‘%)Q} +
n=1 n=1
i n_li9)%¢
+{q 24H(1—q 2) } )
n=1
Under the modular transformation 7 — —%, we have
(e}
Z(-1/r) = 2%g [T +q)* +
n=1
oo (e}
c 1 1
+q B { [T+ 2+ [T - %},
n=1 n=1

where we have put ¢ = q(_%) — e—i2m/T

Each product in the r.h.s. of the previous equation can be developed by a

Taylor’s series around ¢ = 0, corresponding to the limit 7" — oo:
Z(=1/7) = 2%G5 [1 + 4cq + O(@)] + 24 7 [1 4 2c(4e — 1)§ + O(q2)] -
The expression of Z can be factorized in the following way:

Z(_l/T) = Zleading(_l/,r) : Zfermions(_l/T) ) (7'31)

where we have put

(—1/7)=Ag 2 (1-§)[1+ 0], (7.32)

leading

with A =2, o = 2¢(1 — 4¢) and

~C

Z ermions (—1/T) = 1422705 [1+ O0(9)] - (7.33)

Let us compute the contribution to entropy provided by Z

ermions ®

S = log Z ermions /Baﬂ (]'Og Z (734)

fermions fermions) °

The logarithm of Z is

ermions

log Z =2*"1gi +O(¢),

ermions
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with

5 if <4
f_{i—i—l it ¢>4. (7.35)
By deriving the logarithm of Z, . = with respect to 3, we find
/Baﬁ(log Z ermions) = _’qv log qaq(log Z ermions) =
—222‘3_1 g1 log g + O(c]f log d) i
The contribution to entropy corresponding to Z, . is therefore
1 ~C (& ~ ~ ~
Sfermions = 22 ! 4 <1 + Z log q) + O(qf log q) ‘ (736)
S i ermions 18 subleading, as ¢ — 0, with respect to the contribtion to entropy

corresponding to Z

leading’

Shniing = — 1087+ const — a glog g + O(d). (7.37)

with a = 2¢(1 — 4c¢). S

leading

will be computed explicitly in the next Section.

7.3.3 Minimal models

The partition function for free fermions on the torus is [28]
Z(r) =) X, (1M, ; X, (7), (7.38)
h,h

where we have introduced the so-called mass matrix elements M - and the

Virasoro characters

c—1
qh_ 24

n(q)

X, (7) = (7.39)

The Dedekind 7 function can be expressed with respect to the Euler ¢ func-

tion:
o0

n(q) =q2plg), with o(q)=[J1—q". (7.40)

n=1
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Under the modular transformation 7 — —1, the variable ¢ = ™™ transforms

into § = q(—1/7) = e7/7 and the partition function becomes

Z(=1/1) = Y x(~11M, X, (~1/7)

h,h
I
TS a@ T (@
_ Ny, 0

= G [p@] ZM’“” it (7.41)

As T'— oo, and hence ¢ — 0, the partition function becomes
Z(=1/1) = T 2 [p(@] 7 My, + (M, + M, )7+ 0(3)]
= M, 0 E[p(@] (1 -1+ 0(d")]

where we have put d = M, (/M e M, =M, .
As ¢ — 0 the Euler function

p@=J0-a (7.42)
n=1
has the followinf asymptotic form:
p(@) = (1-9[1+0(@)]. (7.43)

Inserting this result into the expression of Z, the asymptotic form of the

partition function as T'— o0, i.e. ¢ — 0, becomes

Z(=1/7) = AG 12 (1 -9)*[1+ O], (7.44)
with A=M, ,, a=-2(d+1)and d=M, /M, ,.
7.3.4 Wess-Zumino-Witten models

The partition function for Wess-Zumino-Witten models is [28]

Zr) =Y v (M, .. (7.45)
A€
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with the characters x; given by

(A +1)2

4(k+2)
X;(T) = (k)(T _4a Z [)\1 +14 2n(k + 2)}qn[>\1+1+(k+2) ]

N [U(Q)} ’ nez

. (7.46)
In order to simplify the expression of x

it is convenient to separate, in the
sum, the terms with n =0, n € Z; and n € Z_. In particular, for negative

values of the index n we substitute n with —n, obtaining

(A(1+1))2
k q 4(k+2
XP(r) =

[ ( ) {)\1 +1+ Z )\1 +142n(k+ 2)} nAa+1+(k+2)n]
ma

n=1
Z [\ +1—2n(k+2)]g "[MH*(’“”)"]} (7.47)

In the previous expression the Dedekind 7 function can be written in terms
of the Euler ¢ function, given by

1 . =
n(q) = ¢ p(q), with () =[J(1—¢"). (7.48)
n=1
Under the modular transformation 7 — —21, the variable ¢ = ™™ transfors
into ¢ = q(—1/7) = e7*>"/7 and the characters x*) become
G -
q 4(k+2
xW(=1/7) =

é

— {)\1 +1+4
EGlk

+3 M+ L+ 2n(k 4 2)] gty
n=1

3 [+ 1= 2n(k + 2)] gl Rm W“”} (7.49)
n=1

As T — o0, and hence ¢ — 0, the terms of the sum vanish, since it always

turns out to be 0 < A\; < k. The asymptotic expansion for the characters
xﬁ’j) as ¢ — 0 is:

R
q 4(k+2 8
X (=1/7) =

M+ 140G MY . 7.50
T A+ 14+0(g )] (7.50)
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The partition function

(—=1/7) = ZX —1/1)M,, . xP(=1/7), (7.51)

A1, p1
as ¢ — 0 has the form
(A +1)2 4 (4 +1)?
217 = @] 3 M0 (7.52)
A1, p1

M +1+0(@ M) x [ +1+0(G )] .

The subleading terms of the sum, as ¢ — 0, are the ones with a negative
exponent for ¢; this happens for each algebra k only in the case A\ = u; = 0:

A +1)24+ (u+1)2 1
4(k +2) 4

<0 Vk€Z+:>/\1:/11:0.
The partition function hence becomes:
— K ~1—3 ~
Z(=1/7) =My, ¢ D [p(q)] " [1+ 0] - (7.53)

As already said in the previous Subsection, the Euler ¢(¢)-function has, for

G — 0, the following asymptotic form:

e(@)=(1-§[1+0()]. (7.54)

Therefore, the partition function Z turns out to be

Z(=1/7) = M, , § = (1—§)*[1+ 0()]. (7.55)

For each simple Lie algebra the central charge c is given by

k dim g
= ) 7.56
k+g (7.36)
For each algebra su(r + 1),, we find

dimg=r*4+2r, g=r+1. (7.57)

In the case of su(2),, we have therefore:

3k

dimg=3, ¢g=2 e =113 (7.58)

96



The asymptotic form of the partition function as 7" — oo, and hence ¢ — 0,

can be written in the following way:
Z(-1/m)=Aq = (1-9*[1+ 0], (7.59)

with A= M, and a = —3.

7.4 Entropy computation

In all cases discussed in the previous Section (free bosons and fermions on the
torus, minimal and WZW models) the partition function Z has the following

asymptotic form as T — oo:
Z=Aq 1 -9 [1+0(@)], (7.60)

with O(¢?) infinitesimal as ¢ — 0. In the expression of Z we have put

27T /Lﬂ

—i2m /T _ _ P
() =T T =

A=const, §=q(-1/7)=¢e (7.61)

—2¢ for free bosons on the torus

2¢(1 —4c) for free fermions on the torus
—2(1 +d) in minimal models

—3 in WZW models,

(7.62)

2
2 in the remaining cases.

3 :
e { for free fermions on the torus (7.63)

In the case of free bosons on the torus the partition function has a further

factor, Z, ., (q) = (— 5= logq) %7 whose contribution to entropy is:

— _g log(—log G) + const . (7.64)

bosons

Analogously, in the case of free bosons on the torus the partition function

has a further factor, Z (§) = 1+2%71 G [1 + O(§)], whose contribution

fermions

to entropy is:

Sfermions 2267 qv% <1 % log ’qv) O (gf log qv) (765)
¢ for ¢<4
) 35 <
with f { 7+1 for c>4. (7.66)
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Let us compute now the entropy

S =log Z — B0s(log Z)

(7.67)

corresponding to the partition function Z = A¢~</'? (1 — ¢)*[1 + O(¢*)].

The logarithm of Z is given by:

logZ =log A — 1—6210g(7+0410g(1 —q)+O(q).

The term of the entropy with the derivative with respect to [ is:

BIs(log Z) = —qlogqd;(log Z)
c1 o
— —~1 o~ ”’p*l
glogq 197 1_Cj+(9(q )

c . qlogq .
= —1 O(qP 1 .
D ogq—l—oal_q + O(¢"log q)

Therefore, the entropy turns out to be

S = —glogcj—l—const —aglogq+ O(q) -

Let us compare now the previous result with the Cardy formula

ml

S, :Elog[sinh<ﬁ

Cardy 3

>] + const .

To this aim, let us introduce the variable
1-q¢ . h <27r2€ )
Yy = — = sin ,
24

2t
ar5t

where we have put ¢ =e~

If we now express ¢ with respect to y, we obtain:

Vi=—y+VyP2+1=G=22+1-2/y> + 1,

(7.68)

(7.69)

(7.70)

with ¢ — 0 as y — oc0. Let us expand the previous relation in Taylor’s series

around y = oo, corresponding to ¢ = 0:

1 1
5T O -
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with O(1/y?) infinitesimal as y — oo, i.e. as ¢ — 0.

The term log ¢ in the expression of the entropy becomes:

1
logg = —2log2y + O (?) .

The entropy S, written With respect to y, turns out to be

c alogy 1
S = 3 logy + const + 2 +0 (E) : (7.72)

By introducing y = sinh (27r2€ / B), we finally have

S=S.  +6S, (7.73)

Cardy

where

272l
S . log y + const = %log [sinh( ; )} + const, (7.74)

Cardy 3

whereas the correction § S is given by
alogy 1
0SS = — O

2y (?ﬂ)

= 2« 6_4%1{ log [Sinh (27;6)] +0 (6_4%1{) : (7.75)

Notice that the correction S is subleading with respecto to S,

, a8 80— 0,

d
ie. asT — oo.
Let us recall that, in the case of free bosons on the torus, the entropy S

includes a further contribution S

bosons?

subleading with respect to the Cardy

term:

- < log(—log G) + const

bosons 2

c
- -2 log (log2y) + const + O (y2 logy)

i {1og [25inh <27;£)] } +

+const + O (56_4%) : (7.76)
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Analogously, in the case of free fermions on the torus, the entropy S includes

a further contribution S subleading with respect to the Cardy term:

fermions?
Sromone = 22715 (14 7 10g ) +0(d logd)

— écfli _E 1Ogy
= 22 W <1 210g2y>+(9(y2f)

x 2124
92e—1 ,—c3t {1 — glog {QSinh < ; )] } +

2e
—4f =5t

B/t

e

+0O

(7.77)

Let us now summarize the main result of this Chapter. The leading term
in the large temperature, y — oo expansion of the thermal entropy for the

four CFT classes on the torus considered in this Chapter,

22l
Sthwglnyzglnsinh 7; ,

reproduces for § = By the leading term of the holographic EE for the BTZ

(7.78)

black hole given by Eq. (6.19). This result sheds light on the meaning of
the holographic EE for the BTZ black hole in particular and, more in gen-
eral, on the very meaning of entanglement for black holes. In fact our result
indicates that entanglement entropy for black hole is a semiclassical concept
that has a meaning only for macroscopical black holes in the regime r, > (.
Thus, entanglement seems to arise from a purely thermal description of the
underlying quantum theory of gravity which is assumed to describe 3D quan-
tum gravity in the region r, ~ ¢. This fact supports the point of view that
the microscopic theory describing the BTZ black hole at short scales is uni-
tary. Entanglement entropy is an emergent concept, which comes out when
the semiclassical notion of spacetime geometry is used to describe the black
hole. The agreement between thermal entropy for the CF'T on the torus and
holographic EE for the BTZ black hole is limited to the leading term in the
y — oo expansion. The subleading terms in the large temperature expan-

sions are not of the same order for the different CFT we have considered.
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The subleading terms are of order In(lny) for the free boson, whereas they
are O(1) for the other three cases. These subleading terms seem to be not
universal but they depend on the actual CFT we are dealing with.

An other important point, which we have only partially addressed, con-
cerns the role played by the classical solutions of 3D AdS gravity describing
conical singularities of the spacetime. Because they represent singular geome-
tries, they cannot be part of the physical spectrum of pure 3D AdS gravity
(although they may play a role for gravity interacting with pointlike mat-
ter). On the other hand, they are related with the BTZ black hole solutions
by modular transformations and one can associate to them an entanglement
entropy. All this could be very useful for shedding light on the phase transi-
tion (analogue to the Hawking-Page transition of four-dimensional gravity),

which is expected to take place at r, = /.
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Chapter 8

Geometric approach to the
AdS;3;/CFT5 correspondence

In this Chapter we show that the partition function describing a two-di-
mensional conformal field theory on the torus can be expressed by means of
modular functions associated to a thermal anti-de Sitter spacetime in three
dimensions, whose boundary is a torus. Our argument, that relies on the
Taniyama-Shimura conjecture, is independent of the underlying dynamical
theory and shows that the geometry of the AdS; spacetime is intrinsically
related to a field of modular functions which allow to construct the partition

function of any CFTy on the torus.

8.1 Reasoning scheme

According to the holographic principle, suggested by 't Hooft [21] and Suss-
kind [22], a bulk theory with gravity describing a macroscopic region of space
and everything inside it is equivalent to a boundary theory without gravity
living on the boundary of that region. Omne of the most fruitful applica-
tions of the holographic principle is the AdS/CFT correspondence, which
has been introduced by Maldacena [24] and has successively given rise to a
huge amount of theoretical works, e.g. [25, 26, 27]. The AdS/CFT duality

asserts that each field propagating in an anti-de Sitter spacetime is related to
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an operator in the conformal field theory defined on the one-dimension lower
boundary of that space. So far, a mathematical proof of the AdS/CFT cor-
respondence has not been found yet, but there are strong and wide evidences
of its validity.

Generally gauge/gravity duality is investigated in the framework of string
theory, which inspired in particular the seminal works on the topic. In this
Chapter, instead, we study the AdS3;/CFT, correspondence by considering
only the geometric properties of a three-dimensional anti-de Sitter spacetime,

without any reference to the underlying dynamical theory.

: AdS;/CFT,
AdS3 spacetime |— ——————— ——— === = —| CF'Ts on the torus
correspondence

Hyperbolic plane Mod.lﬂar 1nvar1.ant
partition function

Uppgr h?,lf gl?)ne Taniyama-Shimura Field of

uotientize » .

th% modular groblap conjecture modular functions

Figure 8.1: A schematic representation of the geometric approach described
in the text.

Our reasoning scheme is represented in Fig. 1, which summarizes the main
steps of the geometric approach discussed in the following Sections.

We take a time slice of the AdSs spacetime at ¢ fixed, obtaining a two-
dimensional hyperbolic plane represented by the Poincaré upper half plane
H (see Fig. 2). The action of the homogeneous modular group induces on
H the structure of a quotient space corresponding, physically, to a thermal
state of the system. By virtue of the Taniyama-Shimura conjecture, this
quotient space is necessarily associated to a field of modular functions, whose

generator allows one to construct the modular partition function of any two-
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dimensional conformal field theory on the boundary torus.

8.2 Elements of the scheme

In Sections 8.2—8.5 we briefly introduce definitions and properties necessary
to explain our geometric approach to the AdS;/CFTy correspondence. In
particular, all results related to number theory can be found e.g. in [116,

117, 118, 119, 120, 121, 122].

8.2.1 AdS; spacetime and hyperbolic plane

The three-dimensional anti-de Sitter spacetime with radius ¢ can be repre-
sented as the hyperboloid X2 —X?— X2+ X2 = (% in the flat four-dimensional

spacetime.

Time slice /\
at t fixed O\
H={z¢€ C:Im(z) >0}

v Hyperbolic plane model

AdS; spacetime (b)

(a)

Figure 8.2: In (a) we represent a time slice of the AdS3 spacetime, while the
corresponding hyperbolic plane is described in (b) by the Poincaré upper half
plane model H.

In global coordinates, the AdS; spacetime has the topology of a cylinder,

given by the product of a unit circle with an infinite time axis. The anti-de
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Sitter space is the interior of the cylinder, while the boundary is the external
surface.

By taking a time slice of the AdS3 spacetime at t fixed, we obtain a
hyperbolic plane, that can be represented by the Poincaré upper half plane

H={zeC: Im(z) >0}.

H is a useful model for non-Fuclidean hyperbolic plane geometry. Being an
open subset of the complex plane, H inherits a Riemann surface structure

and hence also a conformal geometry.

8.2.2 Modular groups

The group SLy(R) is defined by

sm@@:{(i Z)eA@w@yad—mz1}. (8.1)

SLs(R) acts on the Poincaré upper half plane H via the formula

b
M@zggj,mma:(i z)esm®)wdzeﬂ. (8.2)

SLy(Z) is called homogeneous modular group.
The principal congruence subgroup of level N is defined, for any positive

integer N, by
Iww:{<i 2):aszchzadz1mmN}. (8.3)

In particular, I'(1) = SLy(Z).

A congruence subgroup of SLy(Z) is a subgroup I' containing I'(/V) for
some positive integer N, i.e. such that I' O I'(V). For example, the Hecke
subgroup T'g(N) is given by

FO(N):{(CCL Z)ESLQ(Z):CEO modN}. (8.4)
[To(N) acts on H inducing the quotient space
Yo(N) = To(N)\H. (85)
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Notice that the previous notation is the most used in number theory texts,
but in other areas of mathematics and in physics the quotient space Yo(N),
induced by I'g(N) over H, would be represented with the notation usually
used in group theory: Yo(N) = H/T(N).

The Riemann surface Yy(N) is not compact, but there is a natural way of
compactifying it by adding a finite number of points. To this aim, let us

define the extended upper half plane
H* = HU {cusps of SLy(Z)} = HU QU {ico} . (8.6)

Notice that the cusps of SLy(Z) are the same as the cusps of all its congruence
subgroups, in particular of T'o(V).
The compact Riemann surface corresponding to Yy(V) is the so-called mod-

ular curve Xo(N), given by

Xo(N) = To(N)\H". (8.7)

8.2.3 Elliptic curves and modular functions

An elliptic curve E is given by an equation of the form
vy = Ar® + Be* + Cox + D, (8.8)

where A, B, C, D € C and the cubic polynomial in x on the r.h.s of the
equation has distinct roots.
Any elliptic curve can be written, after an appropriate change of variables,

in the so-called Weierstrass form:
y? =423 — gox — g3, with g9, g5 € C. (8.9)

The geometric conductor of an elliptic curve E is, roughly speaking, the
product of all primes where E has “bad reduction”.

A rational elliptic curve is an elliptic curve with coefficients defined in Q.
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A function f(7), which is meromorphic on the upper half plane H of the
complex plane and at the cusps of T'o(N), is called modular function of level

N, or modular function for To(N), if f(7) satisfies the condition

f(Z:_iZ) = f(r), with a,b,¢,d€Z, ad—bc=1 and ¢=0 mod N,
(8.10)
i.e. if it is invariant under I'o(N).
In other words, a modular function f of level N is a meromorphic function on
H satisfying the following conditions: 1) it is invariant under I'o(NV); 2) it is
meromorphic at the cusps of I'y(N). The first condition means that f can be
regarded as a function on Yy(N) = I'o(N)\H; the second condition implies
that f remains meromorphic when considered as a function on Xo(N) =
Co(N)\H*, i.e. it has at worst a pole at each cusp of I'o(V).
When we speak about a modular function, without further specifications,
we mean a modular function for I'g(1) = SLy(Z), i.e. a modular function of

level N = 1.

8.3 Further definitions

Modular forms and cusp forms
Let I" be a subgroup of SLy(Z) and k a positive integer.
A function f, which is holomorphic on the upper half plane H and at infinity,

is called a modular form of weight k for I' if it satisfies the condition

f (ZZiZ) = (et +d)* f(r), for all < Z Z) eT. (8.11)

If the function f is zero at infinity, it is called a cusp form of weight k.

We introduce below an example of modular form and one of cusp form, which

will be used to define the j-function.

Eisenstein series. The Eisenstein series of index k& > 2, with & integer,

is a modular form of weight 2k for SLy(Z). It is defined as

Gir) =Y (; (8.12)

mT +mn)2k’
n
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where 7 € H and the summation runs over all pairs of integers (m, n) distinct
from (0, 0).

27T

The Taylor expansion of G (1) with respect to ¢ = €™ is
27mi) 2k &
Gr(T) = 2¢(2k) + 2(7), Z ook-1(n)q" , (8.13)
" n=1

where ox(n) = >4, d* and the Riemann zeta function over C is ((s) =
Yoo n~®, with Re(s) > 1.
Discriminant of an elliptic curve. The discriminant A of an elliptic

curve F, in the Weierstrass form 3% = 423 — gy ¢ — g3, is given by
A = g5 —27g5. (8.14)

If E is not singular, then A # 0. It is convenient to replace g» and g3 with
the expressions

go = 60 GQ and gs = 140 Gg, (815)

where GGy and (i3 are the Eisenstein series of weight 4 and 6, respectively.
A is a cusp form of weight 12 for SLy(Z). Its expansion in ¢ = €"*" is given

by the Jacobi formula:

A=(2m)q [T -qH*. (8.16)

j-function

The modular invariant j(FE) of an elliptic curve F is defined as
3

§(E) = 1728 %2. (8.17)

Two elliptic curves E' and E’ are equivalent if and only if they have the same
modular invariant, i.e. j(E) = j(F').

J is a modular function holomorphic on H and with a simple pole at infinity.
27T i

The expansion of j(7) with respect to ¢ =e s

1
J(T) ==+ 744+ 196884 ¢ + ... . (8.18)
q
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Notice that the coefficient 1728 has been introduced in the definition (8.17)
of 7 in order that its residue at infinity is equal to 1.

In Monster theory [127, 128] one generally considers, instead of the mod-
ular invariant j, the function J(7) = j(7) — 744, called Hauptmodul (i.e.
“main or principal modular function”) for the homogeneous modular group
SLy(Z). The modular function j(7), or the equivalent Hauptmodul J(7) for
SLs(Z), is the simplest nonconstant example of modular function, since any

other modular function f can be written as a rational function of j:

f(r) = , with P, @ polynomials in j(7). (8.19)

8.4 Taniyama-Shimura conjecture

The Taniyama-Shimura conjecture [123], proved by Wiles [124] with a con-
tribution by Taylor [125], establishes that:

Theorem. For every elliptic curve y? = 423 — gy — g3 over Q, with
geometric conductor N, there exist two nonconstant modular functions s(7),

t(7) of level N, defined on the upper half plane H and such that
t*(1) = 45*(7) — g2 5(1) — gs.. (8.20)

A modular elliptic curve is an elliptic curve parametrisable by modular func-
tions. The Taniyama-Shimura conjecture implies that any rational elliptic
curve is modular.

An equivalent formulation of the Taniyama-Shimura conjecture asserts
that, for any elliptic curve E over Q with geometric conductor N, there
exists a nonconstant map f : Xo(N) — E, such that the rational elliptic
curve E with conductor N is parameterized by the field C(Xo(N)) of the
modular functions for I'g(V).

By genus of the group I'o(N) we mean the genus of the corresponding Rie-
mann surface Xo(NV) = Io(N)\H*. As discussed e.g. in [116], if I'((N) has
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genus greater than 0, the field C(Xo(N)) of the modular functions for Iy(N)
has two generators, j(7) and j(NT):

C(Xo(N)) = C(j(r), j(NT)), (8.21)

where the j-function is expressed by Eq. (8.18). If T'o(N) has genus 0, a
single generator is needed: the modular invariant j. This is, for example,
the case of I'g(1) = SLy(Z), corresponding to the field C(Xo(1)) of modular
functions.

The Taniyama-Shimura conjecture extends to the quotient space I'g(N)\H*
the concept of “uniformization” [121, 126], which associates the quotient
space C/A, induced by a specific lattice A in C, to a smooth Weierstrass

cubic over C, parametrisable by elliptic functions.

8.5 AdS;/CFT, correspondence

The AdSgy1/CFEFT, correspondence, established by Maldacena et al. [24,
25, 26, 27], states that each field propagating in a (d + 1)-dimensional anti-
de Sitter spacetime is related, through a one to one correspondence, to an
operator in the d-dimensional conformal field theory defined on the boundary
of that space.

In classical gravity, under suitable conditions, the conformal boundary
of the thermal AdSs; spacetime is a torus with cycles of length # and 2x/,
where (¢ is the de Sitter length and f is the inverse temperature [81, 115].
Therefore, the dual CFT; lives on the torus 7 (53, 27/).

The properties of CFT; on the torus are discussed e.g. in [28], where it is
explained, in particular, that the partition function Z(7) of a two-dimensional
conformal field theory, defined on a complex torus of modular parameter 7,
has to be invariant under transformations of the form

Z (C” i b) — Z(r), (8.22)

ct+d
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with a, b, ¢, d € Z and ad—bc = 1. These transformations are not affected by
changing simultaneously the sign of all parameters a, b, ¢, d: the symmetry of
interest here is therefore the modular group PSLo(Z) = SLo(Z) /{1, —1}, but
it is more convenient to work with the homogeneous modular group SLs(Z).

As discussed in [20], three-dimensional AdS gravity should be dual, on
very general grounds, to a two-dimensional CFT with central charge ¢ =
%, where GG is the Newton constant. This CFT might simply be deduced
by various consistency requirements and assumptions [54], rather than by
quantizing the Einstein-Hilbert action; unfortunately, such assumptions turn

out not to be valid for pure gravity [55]. Determining Z for the CF Ty dual to

a quantum version of pure AdSs gravity is still an important open problem.

8.6 The argument scheme

By means of all theorems and properties discussed in Sections 8.2—8.5, we

can now explain in detail the reasoning scheme represented in Fig. 1.

1. We take a time slice of the AdSs; spacetime at t fixed, obtaining a

two-dimensional hyperbolic plane.

2. A model of this hyperbolic plane is the so-called Poincaré upper half
plane

H={zeC: Im(z) >0}.
3. For any positive integer N, the Hecke subgroup
FO(N):{(Cg Z)ESLQ(Z):CEOmodN}
acts on H inducing the quotient space
Yo(N) = To(N)\H,

which has the structure of a Riemann surface. The quotientization
of the hyperbolic plane provides the AdSs spacetime with a periodic

structure corresponding, physically, to a thermal state of the system.

112



. By adding to Y(V) a finite number of points, i.e. the cusps of I'o(V),

we obtain the compact Riemann surface
Xo(N) =To(N)\H*,
where H* = HU Q U {ioo} is the extended upper half plane.

. The Taniyama-Shimura conjecture asserts that every elliptic curve F
over Q with geometric conductor N can be parameterized by the field
C(Xo(N)) of the modular functions for T'o(NV), generated by j(7) and
§(NT). In particular, for T'g(1) = SLy(Z) we obtain a field C(Xo(1)) of

modular functions with a single generator, the modular invariant j(7).

. The generator j(7) of the field C(Xo(1)) allows to construct the par-
tition function Z of any two-dimensional conformal field theory on the

torus:
Z =Z[j(r)].

. The boundary of a thermal AdS;3 spacetime has the topology of a torus,
therefore we can interpret Z as the partition function of a CFT5 on the

boundary of a thermal AdS; spacetime.

The previous argument scheme establishes the existence of a link between

thermal anti-de Sitter spacetimes and two-dimensional conformal field theo-

ries living on the boundary torus. This relation is implicit in the geometry

of the anti-de Sitter spacetime, independently of its dynamical content.

The crucial link in this reasoning chain is the Taniyama-Shimura conjec-

ture, which necessarily relates the quotient space Xo(1) = T'o(1)\H*, corre-

sponding to a thermal state of the AdSs spacetime, to the field C(X((1))

of the modular functions for I'y(1) = SLy(Z), that parametrize the elliptic

curves over Q. The correspondence Xo(1) — C(Xo(1)) turns out to be an

intrinsic property of X(1) and hence of the AdS; geometry. On the contrary,

without the Taniyama-Shimura conjecture we should arbitrarily associate a

field C(X¢(1)) of modular functions to the quotient space Xo(1).
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8.7 Application to specific partition functions

In this Section we discuss two specific examples of CF'Ty on the torus, show-
ing that their respective partition functions can be expressed in terms of the
modular invariant 7, which generates the field (C(Xo(l)) of the modular func-
tions associated, through the Taniyama-Shimura conjecture, to the quotient

space Xo(1) and hence to the thermal AdS; spacetime.

8.7.1 Free fermions on the torus

The partition function of the CFT for free fermions on the torus is [28]

, (8.23)

n(r)=qx [J(1— ¢ (8.24)

and the 60; functions (with ¢ = 2, 3, 4) can be expressed in the form

ba(r) = 2q* ﬁ(l —q")(1+4")?, (8.25)
n=1

03(r) = T](1 - )L+ a2, (8.26)

n=1
o) =TI - )1 — ). (8.27)

n=1

where we have introduced the Jacobi variable

q=e2", with 7= ZZLjrf and [ = % ) (8.28)

The parameter ¢ is the de Sitter length of the dual AdS3 spacetime, while T'
is the temperature associated to the quotientization of the hyperbolic plane

by the homogeneous modular group SLo(Z).
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As observed e.g. in [127, 128], the j-function (8.17) satisfies the relation

[3(7)]% _ %Z 0:(7)

4 8
— | n(r)

, (8.29)

and its g-expansion is j/3(r) = ¢~3 (14 248¢ +4124¢ + 34752¢° + ... ). By
comparing the partition function (8.23) of the CFT for free fermions on the
torus with the expression (8.29) of j/3(7), it is straightforward to conclude
that

<

Zi(r)=ali(r)]™?, with a=29%. (8.30)

8.7.2 Large temperature expansion

Let us consider the following important classes of two-dimensional CFTs on
the torus: free bosons, free fermions, minimal models and WZW models. At
large temperature (7" — oo) the partition functions Z for these CFTs have
the asymptotic form [81]

Z = A (8.31)

asy ~C/12 )
q
where c¢ is the central charge, A is a constant depending on the model under
consideration and the variable ¢, vanishing as T — o0, is given by § = e~2/7,
with 7 = if/2nl and = 1/T.

The expansion of the j-function with respect to ¢ = ™7

is expressed in Eq.
(8.18). By means of the modular transformation 7 — —, we can substitute
the Jacobi variable ¢ with ¢ = ¢(—1/7) = e"*"/7, obtaining the g-expansion

of the j-function:

1
G(7) == + 744 + 196884G + . . . . (8.32)
q

At large temperature, ¢ — 0 and the asymptotic form j_ of the modular

asy

invariant turns out to be

1
Jasy = = - 8.33
; (8.33)
By comparing Z,, , in Eq. (8.31), with the asymptotic expansion j,, , in Eq.
(8.33), we easily find:
Z,., =Aj. (8.34)
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8.8 An alternative argument

In this Appendix we derive the results discussed in the previous Sections
by means of a different approach, closer to the methods generally used in
number theory. Some steps of this argument scheme, however, still requires
a rigorous proof.

The three-dimensional anti-de Sitter spacetime with radius ¢ can be repre-

sented as the hyperboloid
X - X - XJ+ X]=10 (8.35)

in the flat four-dimensional spacetime.

We can write Eq. (8.35) in the form
v -1l —as o =1, (8.36)

where we have introduced the coordinates

X, X X X
T m=g m=E o= 2 (8.37)

o =

Let us consider a point in the AdS3 spacetime with rational coordinates

po=20 g =T g =B g B (8.38)
do U1 a2 a3
where p; € Z and ¢; € Z \ {0}, with ¢ =0, ...,3. By substituting (8.38) into
(8.36), we find

m? —n? —u? + 0% =2, (8.39)

where we have put
m = Poq19293, T = GoP142¢3, U = qoq1P293, UV = Goq192P3, C = qo414243 -

Let us assume now that, by fixing opportunely the parameters p;, ¢; (with
i=0,...,3), and hence m, n, u, v € Z, it is always possible to find a pair of

integer numbers a, b such that:
a®>=m*—n?* and b* =% —u’. (8.40)
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Therefore, a rational solution to equation (8.36) is equivalent to an integer

triple (a, b, ¢) satisfying the Pythagorean relation
>+ =c¢*, with a, b c€eZ. (8.41)
Let us consider now the equation
a’ + b =c", (8.42)

which is supposed to be satisfied by three relatively prime integers a, b, ¢
and a natural number p. For p > 2, Eq. (8.42) is equivalent to the so-called
Frey curve [129, 130], defined as

y* = x(x — aP)(z + ). (8.43)

For p = 2, Eq. (8.42) reduces to Eq. (8.41) and is equivalent to a Frey-like

curve given by

y* =z(x —a®)(z +b%). (8.44)

By varying a, b, ¢ in Z, we obtain a family of rational elliptic curves of
the form (8.44) associated, through the Taniyama-Shimura conjecture (see
Section 8.4), to a set of modular functions, which can be used to construct
any two-dimensional conformal field theory on the torus.

Some steps of the reasoning scheme discussed in this Appendix have still to
be analysed in a more precise way. In particular, we should explicitly prove

that:
1. there exist infinite pairs of integers a, b satisfying Eq. (8.40);

2. the Frey-like curve (8.44) is equivalent to the Pythagorean relation
(8.41);

3. the modular functions associated to Eq. (8.44) form a complete set.
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As a final comment, we notice that the previous argument scheme can also be
applied, with very few changes, to a three-dimensional de Sitter spacetime.

Its geometry is represented by the equation
—Xe+ X7+ X5+ X =12, (8.45)

strictly close to Eq. (8.35) describing the AdS;3 spacetime. This approach,
therefore, supports the validity of the dS/CFT correspondence proposed by
Strominger in [131].

8.9 Limits and goals of our approach

The argument discussed in this Chapter suggests that the correspondence
between a thermal AdS; spacetime and the dual CF'Ty on the boundary torus
is implicit in the anti-de Sitter spacetime geometry, independently from the
theory which describes the underlying dynamics. In our reasoning scheme,
the link between hyperbolic plane and modular functions relies, in particular,
on the Taniyama-Shimura conjecture.

Of course, we cannot formulate an explicit relation between the physical
properties of the AdSs spacetime and those of the corresponding boundary
CFTy: such a relation would also depend on the dynamical features of the
system, which we have neglected at all here. For the same reason, our ap-
proach does not provide any information to establish the correct form of the
partition function of the boundary CFTj.

Let us notice that the starting point of our approach consists in fixing a
time slice of AdS3 spacetime and taking into account only its spatial variables.
The usual approach to the AdS3/CFTs correspondence starts, instead, by
considering the bulk/boundary relation. We can reconcile these two different
approaches by noticing that the topology of the boundary of thermal AdS;
spacetime is a torus, therefore the conformal field theory on the torus derived
in our approach can be interpreted as a CFT5 on the boundary of the thermal

AdS3 spacetime.
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Conclusions

General remarks

Reconciling quantum mechanics and general relativity is one of the great
scientific challenges of modern theoretical physics. Quantum field theory
has revealed inadequate to consistently describe a gravitational theory, as
showed by the fact that it provides an infinite value for black hole entropy,
due to a great number of degrees of freedom close to the black hole horizon.
Quantum field theory should be replaced with an entirely new paradigm,
which encorporates the concept of non-locality in a more radical manner.
The new perspective we have considered in this thesis is the description of
the physical world suggested by the holographic principle. In particular,
we have exploited the holographic framework provided by the AdS/CFT
correspondence to study black hole entropy from a statistical mechanical
point of view.

Let us recall that the Bekenstein-Hawking formula for black hole entropy
indicates the existence of microscopical degrees of freedom, but it does not
tell us what they are. A complete theory of quantum gravity should al-
low to compute the entropy by means of quantum statistical mechanics, i.e.
counting microstates.

Our results on the entropy of three-dimensional anti-de Sitter black holes,
obtained in a holographic context through the AdS/CFT correspondence,
confirm the validity of the holographic approach, and hence support the new
paradigm suggested by the holographic principle in the study of the physical

world.
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Specific conclusions
We summarize now the main original results obtained throughout this thesis,

in particular from Chapter 4 to Chapter 8.

In Chapter 4 we have shown that the Bekenstein-Hawking entropy of
the charged BTZ black hole in an AdS; spacetime can be exactly repro-
duced by counting, through the Cardy formula, thermal states of the dual
CFT,. The charged BTZ black hole is characterized by a power-law curva-
ture singularity generated by the electric charge. The curvature singularity
produces divergent contributions to the boundary terms, but this difficulty
has been circumvented using a renormalization procedure. Our result shows
that the notion of asymptotic symmetry, strictly related to the AdS/CFT
correspondence, can be successfully used to give a microscopic meaning to
the thermodynamical entropy of black holes also in the presence of curvature
singularities.

In Chapter 5 we have studied a simple approach to the calculation of the
entanglement entropy of a spherically symmetric quantum system composed
of two separate regions. In particular, we have considered bound states of
the system described by a wave function that is scale invariant and vanishes
exponentially at infinity. Our result is in accordance with the holographic
bound on entropy and shows that entanglement entropy scales with the area
of the boundary. The area scaling of the entanglement entropy turns out to
be a consequence of the nonlocality of the wave function, which relates the

points inside the boundary with those outside.

In Chapters 6 and 7 we have investigated quantum entanglement of grav-
itational configurations in 3D AdS gravity using the AdS/CFT correspon-
dence. We have derived an explicit formula for the holographic EE of the BTZ
black hole, showing that its leading term in the large temperature expansion
reproduces exactly the Bekenstein-Hawking entropy and can be obtained
from the large temperature limit of the partition function of a broad class

of 2D CFTs on the torus. Our result indicates that black hole entanglement
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entropy is a semiclassical concept that has a meaning only for macroscopical
black holes in the large temperature regime. Therefore, entanglement seems
to arise from a purely thermal description of the underlying quantum theory
of gravity. The subleading terms in the large temperature expansion are not
of the same order for the different CF'T we have considered: they seem to be

not universal but depend on the actual CF'T we are dealing with.

In Chapter 8 we have showed that the correspondence between a thermal
AdS3 spacetime and the dual CFTy on the boundary torus is implicit in the
anti-de Sitter spacetime geometry, independently from the theory which de-
scribes the underlying dynamics. Our reasoning scheme relies, in particular,
on the Taniyama-Shimura conjecture and shows that the geometry of the
AdSj; spacetime is intrinsically related to a field of modular functions which

allow to construct the partition function of any CFT5 on the torus.
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